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Abstract

This paper focuses on the data completion problem, which is well-kown to be an ill-posed inverse
problem. We propose a dual regularization strategy without regularization mrameter, based on the
minimization of a functional which, instead of acting on the space of solubns, acts on the space of
data. We prove the well-posedness of the minimization problem and theonvergence of ouregularized
solution to the exact solution when the amount of noise on the data goes to 0. Moreovewe prove
that the regularized solution satis es the well-known Morozov discrepancy principle

Our regularization strategy is closely related to the usual Kohn-Vogelius minimization strategy.
In particular, we show that it allows not only to stably obtain a good reconstruction of the missing
data of the Cauchy problem but also to determine the unique parameterof regularization for the
Kohn-Vogelius strategy that satis es the Morozov discrepancy principe.

Finally, we present numerical results, in two and three dimensbns, to highlight the e ciency of
the proposed method.

1 Introduction

Data completion problem. We are interested in the regularization of thedata completion prob-
lem, also known asCauchy problem for Laplace's equation. More precisely, let be a connected
bounded open domain ofRY, whered 2 ord 3is the dimension, with a Lipschitz boundary @. We
assume that @ is divided in two open sets and . @ f of strictly positive Lebesgue measure.
Let be the unit exterior normal vector to . For a Cauchy data"gp;gye>H™?" « H 172 - our
problem of interest reads: nd u>HY" « such that

¢ u 0 in ;
.’Is u O on ; (1.2)
g @Qu gy on ;

where @u is the normal derivative of u.
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It is well known that such problem is severely ill-posed: it admits at most one solution, but fails to
have one for a subset of Cauchy data dense int#~ « H 2~ « and presents exponential instabilities
with respect to noise (see, e.g.[ 8,19, 33]).

From a reconstruction point of view, these instabilities are the man issue: in particular, for
any " A0 and for any data "gp; gy for which Problem admits a solution u, there exists an-
other data “gp;ene for which Problem also admits a solutionu; so that at the same time (see,
among others, [26, Section 2])

1
Yo o Yqi2-. YON ONYy 12~ . D" and YW wYy:- . Ex:

As, from a practical point of view, one should always expect noise on realfe data, it is not only
necessary to propose a regularization method that reconstruct a good appximation of the searched
solution when exact data are at hand, but it is mandatory to provide a strategy to deal with the noise.

The best stability one can expect for this problem is a logarithmic condtional stability as underlined
in the following result (see [3, Theorem 1.9]):

Theorem 1.1. Let M AOand AO. There exist C A0 and > "0;1e such that for all Cauchy
data“gp;gne >HY?" o H 2 « verifying

YgDYH1~2A . YgNYH 12~ o D;
for all u>H'" « solution of (1.1) with an a-priori bound on the H1-norm
YuYy:~ . DM;

one has

YuYzr .DM el < :
M

where! R R satises

!‘t-DL' 1t>70; 1e:

In %PZ ,
In other word, one may restore a very weak stability assuming that the slutions we are looking
for are a priori bounded by some constant.

Remark 1.2. In the present article, we focus on Laplace's equation for simplicity But everything we
present easily adapts to a general elliptic data completion problem,ithr Laplace's equation replaced by
a general elliptic equation in divergence form

div: ©ue O

where >W?2® ~ e satis es the usual ellipticity conditon EcAO a.e. in , and where the normal
derivative is modi ed accordingly.

Several regularization techniques has been proposed to tackle Proble@). Without being ex-
haustive, we may mention methods based on surface integral equation§d,[24], Lavrentiev regulariza-
tion [0, [17)], stabilized nite elements methods [15{17], quasi-reverdiility method [L3] 18] 27,[36,[37],
fading regularization method [25,[28], etc.



A dual optimization strategy. In our present work, we focus on an optimization strategy
which is closely related to the so-calledKohn-Vogelius strategy More precisely, and in a sense we
will make more accurate in the next section, the proposed strategy is dal to the Kohn-Vogelius
optimization problem used in [22] to deal with problem ). This dual strategy is closely related to
the one developed in[[14], in the context of inverse problems and quaséversibility method, but with
somehow a reverse point of view. It is also closely related to the wosk[29,[32] in the context of control
theory.

Let "go;gne >HY?" « H 127 .« pe the exact boundary datain the sense that they correspond to an
exact solution uex >H'" « to Problem that we seek to reconstruct. From a data completion poirt
of view, we aim to reconstruct the missing data™ ex; ex® =~ @Uexs,;Uexs * > H 127 o HY? o
from the knowledge of"gp; gne.

We de ne

F ©uy © up >L2A L

where uy and up belong to H « and satisff] respectively

¢ Un 0 in ; ¢ Up 0 in ;
;. @uy O on ; and | Up o on ; (1.2)
a  Un 0 on ¢; o @up 0 on :

We suppose that we have at our disposal a noisy versiotg, ; gy* >HY?" « H 12" « of the data
such that

Yo OoYhizm . YOy OnYy 12 . D
We de ne up, uy and F asup, uy and F, simply replacing go and gy by their noisy counterparts g,
and gy in (. It is not di cult to see that there exists a constant c A0, independent of , gp and gy,
such that
Y FY. .Dc: (1.3)
We also make the classical assumption that @ F Y 2~ .; that is we suppose that the ratio infor-
mation versus noise is su cient so that we may hope to reconstruct sonething.

Remark 1.3. To apply the method we will introduce below, we need to know thengiant c, or at least
to obtain a good numerical approximation of it. We come back on thamatter in Section [f

We de ne
H'* @+ ™>H Y@« ";le 0%;
and

=

~ 1 .
F >H'%@-z 5S ®V," € By, «LZdx ¢ <5 ©W Ldxe g F oW edx;

wherew™ «>H!" +veries g w" +ds 0 and

c

w”oe 0 in ;
oe@WA . on@: (1.4)
andv;” « and v, « belong to H'™ « and verify respectively
¢ v . 0 in : £ v, 0 in
ooV e 0 on ; and | @v2" e 0 on (1.5)
o @vi~ e on g a V2. W e on

We will prove the following result (see Sectior{ 4).

2For the well-posedness of all the Laplace's problems consideed in the study, we refer to Appendix E]
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Theorem 1.4. The problem of minimizing F over H, 2 @.isa well-posed problem: there exists a
unique o >H, l~2“@ * such that
F~ o min F ~ e:
>H, 2@ .
Obviously, this optimal , depends on , but in the following we forget the dependency in order to
simplify notations. We de ne

o @W o5, and o W oes.;
wherew” e is de ned by (L-4), and u, >H'" « veries

& 0 in
;o Uo 9% on ; (1.6)
o] @Uo "o on .

Notice that ' ,, o and u, depend again on , but we also forget this dependency for simplicity. We
will prove the following two results (see Sectior] 4).

Theorem 1.5. Forall AOandF >L?" satisfying (1.3), we have
YOv;” o¢ ©OVy" o F Y2 . C:

Theorem 1.6. The triplet ™' o; o;Uo® converges t0™' o; ex;Uex® @S converges to zero, strongly
in H 12 o AY .o H ¢ whereA'™ (¢ is the quotient spaceH'™?" . ~R.

Because of these two results, we consider the triplet' ,; o;Uo® as our regularized solution to
Problem (1.7)), u, being an approximation of the exact solutionuey in . Actually, Theorem 1[5 implies
that the couple ™' o; o* satis es the well-known Morozov discrepancy principle while Theorem|1.6
ensure the convergence of the approximated solution to the exact one akd amplitude of noise goes
to zero.

Hence, to obtain our regularized solution, we only need to minimize thefunctional F over the
space HHA@ «, which is an unconstrained minimization problem easy to solve numeaoally. Note
also that this is a method without regularization parameter, which automatically construct a solution
satisfying the Morozov discrepancy principle with respect to the noisy data. These are the two main
advantages and novelties of our method.

Link with the Kohn-Vogelius strategy. We now link the minimization problem of The-

orem[1.4, with the well-known Kohn-Vogelius strategy, which is a regudrization method for Prob-

lem ) based on the minimization of a Kohn-Vogelius functional. Introduced in [5] to stabilize

Problem (1.1), it has since been widely used in the context of invees problems (see, among oth-
ers, [1,[2[4] 710 21{23,"39] and the references therein).

There are several variations of the Kohn-Vogelius strategy to handle Prol#m ), depending on
the choices of limit conditions in the auxiliary volumic problems. In the present paper, we focus on
the one used in[[22] to deal with inverse obstacle problem for Laplace's agtion. More precisely,

for' >H 12> e and >H{™? ., where

12~

H 2

e > g>HY™® e; g gds O ;

we denotev: and v the two elements of H” « verifying respectively

¢ v 0 in ; ¢ v 0O in ;
v 0 on ; and | @v 0 on ; .7
o @v ' on ¢; a Vv on ¢:



Then the regularized Kohn-Vogelius functional writes, for" AO and forall™; ¢ >H 12~ e H|1~2“ c*,
as

KV ™ %s v ©v F Tadx 5 %®v 8 ©v 8Zdx

In this form, it clearly appears to be a Tikhonov functional, and indeed it always has a unique minimizer
(see [[22, Proposition 2.5]):

Proposition 1.7. For all " A O, the functional KV admits a unique minimizer ™' «; . over the
spaceH 12 o HI?" e

Remark 1.8. Notice that the above Kohn-Vogelius functional can be written equalently in the more
classical form

KV "™, e %S OV Uupe ©"v uN-'Ide 5S v 8 BV 8Zdx:

As usual in inverse problems, one of the main question is then to set thparameter of regularization
with respect to the a priori known amplitude of noise. We have the following result, basically aying
that the Morozov discrepancy principle is a viable method to do so §eel[[22, Proposition 2.8]):

Theorem 1.9. There exists a unique"” "~ ¢ A0 so that the corresponding minimizer™ .- ,; «~ e

of KV , which belongs toH 12" e H|l~2‘ c*, satis es the Morozov discrepancy principle
Yov.,. ©v .., F Y2 . C:
Furthermore, ™' - .; .~ .o converges t0™' e, ex* Strongly in H 12~ .« H2" .« when goes to

Zero.

It turns out that o, o* IS precisely the minimizer of K V corresponding to
of the following result in Section[4):

Theorem 1.10. We have

* (see the proof

- C ~
"Te g and 0, o° T

s v .8 ®v 87dx

Hence, minimizing the functional F is not only a method to stably obtain a good reconstruction of
the missing data in Problem ), but also a method to nd the minimizer of KV and to determine
the value of the parameter of regularization in the Kohn-Vogelius strategy stisfying the Morozov
discrepancy principle. This represents the last main result of ouwork.

Outline.  The paper is organized as follows. In Sectioh]2, we study an operator used the fol-
lowing sections. In Sectior[ B, we prove all the main results in an absact setting, that we apply in
Section[4 to our problem of interest, proving in particular Theorem[14, Theorem[1.5, Theorenj 1.6 and
Theorem[1.10. Section b is dedicated to numerical exemples in two-diemsional and three-dimensional
settings, showing the feasibility and e ciency of the proposed mehod. In Section[§, we present some
nal comments, in particular on the rate of convergence of the method, andon how to impose exactly a
nite number of constraints on the solution. Finally, in Appendix A, we precise the di erent functional
settings used in the study.

Aknowledgements. We are grateful to Sylvain Ervedoza for sharing previous versions of his

work [32], which inspires us the Sectior@z. We also express our gratidie to Sophie Jan, for enriching
conversations on optimization in in nite dimensional spaces.
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2 On an operator from the boundary to the volume
The operator
A e>HY o HI ez v ©v >H .

wherev. andv are de ned by (L.7), and where
H™ « ™w;, w>H «satses w 0in Z;

plays a central role in our study. From Lemmata[A.Z and[A.3, we know that the bilinear application
onH 2 . HI? .

1; 1% 2; 22 g "Ov, ©v, ©Ov 6 ©v ,edx

1

is a scalar product, the corresponding norm being equivalent to thestandard norm on the space
H 12 o« H'? ., sothat H 12 . H™ . endowed with this scalar product is a Hilbert
space. Similarly, from Lemma, H" « is a Hilbert space when endowed with the standardL 2-
scalar product.

We rst have the following properties.
Proposition 2.1. Ker"Ae ™ 0;0es, RangéAes x H” « and RangéAs H" .

Proof. Firstly let *; «>H 12" .o H™ .ebesuchthatA™; =+ 0, thatis©v ©v 0. There
exists >R suchthatv v . Then
ds vds O 1 v ds:
S i S . SCSS ] :

It is clear that
@vs @°v s @vgs O

As also v Oandv. g 0, we havev 0. Hence' 0 and 0. As a consequence, we
havev v 0, so 0.

Secondly, for"gp;gne >H¥2" « H 12" « such that problem (1.1) fails to have a solution, we
dene F ©uy ©up >H" . If there would exist ™ ¢ >H 12" .« H2" .+ such that we
have A”'; « F, we would get©v. upe ©°v une in . Therefore, there would exist >R
such thatv up Vv uy , leading to

¢ v Up* 0 in
y Vo Up g on ;
g @V upe gy on ¢

In other words, v:  up veri es ([L.1), leading to a contradiction. Hence RangéA« x H"™ .
Finally, let p>H" « be such that for all ™, s >H 12° . H'?" .+ we have
AT epee- . O s ©v. v e pdx O
Letus prove that p 0 which implies that RangéA-fJ “0+ and then, using the classical density criteria
(i.e. a corollary of the Hahn-Banach theorem in Hilbert spaces), we will obain RangéAs H" .
There existsw >H!" « harmonic in , such that p ©w. Sow veries

S ©v veoOwdk 0 !"5 e>H? o HT .



For >CZ "~ ¢, we de ne h>H" « as the unique solution of
¢ n 0 in ;
i h 0 on ;
g h on ¢:

Setting' @hg,, it is readily seen thatv:  h. So choosing also 0 so thatv 0, we obtain
0 s ©v v eOwdx g ©Ov ©Owdx g ©h ©Gwdx "@w; e_:

Since this equality holds for all >C; " ce, it follows @ws, 0. Now, for >C; " ¢, let h>HY"
be any function satisfying

3 0 in

., @h 0 on ;

% 1

n @h §88 C ds on ¢:

Note that such a function h is determined only up to a constant, which is without consequences$or
what follows. We de ne 1
h —_— hds;
S¢ 5.5,

which by construction belongs to I—|l~2‘ ¢*. Then ©v  ©h, so choosing' 0 so thatv 0, we
obtain

1 1
0 ©v Owdx ©h ©wdx wE — ds' dx & — wds' dx:
S S S c S § c S c S C§ c

c

. . . a A . 1 .
Since this equality holds for all >C_ " e, it follows wg s S wds: As a conclusion, asw
C c

veries w 0, @ws, 0 andws, >R, we obtain w in . Hence p ©w 0, which ends the
proof. O

We can now focus onA*, the adjoint of A, which as usually is de ned by the relation
CATT epera . TG s ATper 1T eSH TP o HIT ellp>HT -

Proposition 2.2. Let p>H" e, so that there existsw >H!" « such thatp © w with w 0in
Then we have

~ . . - 1] 1 (-
Aip i p®  With p @ws, and p @s §Sgcwds :

Proof. Let p>H" «, and A*fp "' ,; e in H 12° o H'™ (o There existsw >H" « verify-
ing w Oand©w p. Forany' >H 2" .., we have

S Ov Owdx A Opea- . T 0A*pe g Ov Ov | dx:

For >C; " e, let h>H'" « be the unique solution of



Dening ' @bhsg_, it is readily seen that v h. This easily leads to

‘@w; e, s Ov Owdx s Ov ©v dx 'y e:

c*

Since this equality holds for all >C. ~ e, it follows p @ws,.
Now, for any >H|1~2" c*, we have

s ©v Owdx TAT0; e;peLe- . =0, ;Afpe s ©v ©v  dx

For >C. " (e, let h>H' « be a solution of

¢ h 0 in
; @h 0 . on ;
i @h — ds on ¢
o] @ Sc§ c ¢

Setting
hs

c

1 12~
—S hds>H .
SCSS ] I c

we clearly have©v  ©h and thenv h with >R, so that

1 1
s @& S wds' ds § wE 5. ds' ds
C c c c

c C

‘@h;we g ©v Owdx g ©v ©v dx s p dX;

c

the last equality coming from the fact that |, is by de nition mean-free on .. Hence
Ew 1 wds' ;
P S.S° . !

which ends the proof. O

Remark 2.3. Note that A* is a one-to-one operator, as expected aRangéAs H" «. Indeed,
if A¥fp "0;0e, then any w >H'" « verifying ©w p and w 0 is a constant function in , and
thereforep 0.

3 Abstract setting

We now present the main results of our work in an abstract setting, that we will later apply to our
problem of interest. The strategy described below is a generalizatin of the one developed in[[14] for
the quasi-reversibility, with a point of view which is in a sensereversed, as our primal problem here is
the dual problem in [14]. This is also closely related to the works on combl theory [29, [32].

Let X , Y be two Hilbert spaces with scalar products”™ ; ex and " ; sy and corresponding norms
Y ¥ andY Y. Let A be a linear continuous operator fromX to Y, such that KerAs Oy ,
RangéA « x Y but RangéA « Y . Then A * is well de ned as a linear continuous operator fromY
to X , and is one-to-one.

Remark 3.1. Obviously, in next section, we will chooseX H 12" . H|1“2“ Y H™ o
and A A.



For y >Y , the problem of nding some x >X such that A x Yy is ill-posed, as by de nition it
may fail to have a solution. Let ys be in the range ofA , Xs be the only element of X such that

A Xs Ys;

andy inY be such that
YW ys¥ D

for some AOQ. Hereys represents anexact datg xs the correspondingexact solution y a noisy data
for our problem, and is the supposedly knownamplitude of noise on the data.
As A is not onto, the existence ofx in X such that A x y is not guaranteed. However, the set

M “"x>X; YAX yY¥ D e;

i.e. the set of element ofX satisfying the Morozov discrepancy principle, is not empty, asxs belongs
to M. We now aim to construct from y one element of this set, stably, without other parameters
than and the noisy data itself, and in such a way that the lower the amplitude of noise is, the closer
it is to the exact solution Xs.

To do so, we start by solving a well-posed minimization problem not in he spaceX of the solutions,
but in the spaceY of the data. It is in that sense that the regularization method is a dual strategy.

3.1 A minimization problem

We de ne a functional actingon Y :
J y>Y z %YA WY WY Ty ey (3.1)

This functional is clearly continuous, and it is also strictly convex as A * is one-to-one.

Proposition 3.2. The functional J is coercive,i.e.

lim J "ye 2
WYy @ y
Proof. Suppose it is not the case. Then it exists a sequencg, *,->y Of elements ofY and a constant
C >R such that
nIiam Wn¥ @ and J "y,c@C:

Dene, for all n >N, z, vy, \ranYl, which is obviously a bounded sequence. Therefore, one can
extract from "z,e,sn a subsequence weakly converging to sonein Y . We still denote "z, ¢,y this
subsequence. A ¥ is a linear operator, A *z, converges toA *z. From this and since

~ . ° C .
Yo Zn,Y °y @W,

we obtain that A ¥z 0y , leading immediately to z Oy . Note that in particular we have

1
S A

lim “z,;y oy O
na

As in addition
J "Yne AR Y “Zniy oy
we obtain a contradiction by letting n goes to in nity. O



As J is continuous, strictly convex and coercive, we know (see, e.g/30, Proposition 1.2 p.35])
that there existe a uniquey, >Y such that

Yo arg((nin.] Tye: (3.2)
y>

Lemma 3.3. y, Oy ifandonlyif Yy ¥ D .

Proof. For any AOQ, one has

2
J oy e 7\(A*cy\rti Y Y Y Yy

Then, on the one hand, ify, Oy ,onehas] "~y «EOforall AOQO,leadingtoyy ¥ YW Y EO
and nally EY Y.
On the other hand, if yo x Oy , then J “yoe @ "Oy *« O, implying in particular that

Wo¥r @Yo,y °v;
and henceYy ¥ A . O

From now on we make the assumption that¥y ¥ A , so that the minimum of J is not reached
in Oy . Note that it is necessarily true for small enough, as by de nition

Y ys% D YWsYy DY ¥ :

In other word, for all  such that 2 is strictly smaller than YysY¢ , all below results apply, which is in
particular the case when goes to zero.

Proposition 3.4. vy, is the minimizer of J if and only if

Yo
AA?
Yo WoXs
Proof. This is just the Euler-Lagrange equation associated withd , which is well-de ned as soon
asyo x Oy . O
3.2 The regularized solution
De nition and rst properties. We are now in position to de ne our regularized solution to
problem A x y . To do so, we de ne

Xo Aty (3.3)
which by de nition is an element of X . The previous Proposition[3.4 shows that

Yo
A X ; 3.4

o Y W% (3.4)

which implies in particular that
YAXo VY% (3.5)

Hence, X, belongs toM by construction. From now on, we considerx, as our regularized solution.
Note in particular that it is unique, exists regardless of the compatibility of the noisy data, and does
not depend on any parameter except for the noise amplitude (and obviously the noisy data itself).
Note also that it satis es the regularized problem (3.4), so in some sensihe right-hand side of (3.4) can
be viewed as a regularized version of the data for which our main probleralways have a (necessarily
unique) solution.

Before looking at convergence properties as goes to zero, we prove some results abowt,.
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Proposition 3.5.  We have
Wof( 23 Yoo

Proof. One has

. 1 .

3 Yor SYA Vol Wo¥ Yoy ev
1'\ . ps ~ .
> Xo; A "Yoox Yo Yy Yoi Y °v
1. .
> A Xo; Yooy YWo Yy Yo, Y °v
1 .
ECE! Yo Yo: Yo' y YWo¥ " YoiY °v

1.
EWOYY > Yoi¥Y °v:

Therefore 1 1
J Yoo E\(A*yo\i 2] “yor Emwi 2) Yoo,

which ends the proof. O

It turns out that by construction, among all x >M , X, is the one of minimal norm (see the following
proposition). In other word, X, de ned by (B.4), could be alternatively de ned as

Xo argmin¥xYy ;
X>M

which is precisely the point of view adopted in [14].
Proposition 3.6. Let x>M , X X Xo. Then YxYx A%, Y .

Proof. Let x >M with x X X,. Wedeney, AXx vy ,sothat¥,¥% D sincex>M . Then, using
Proposition [3.5,
1

- 1 1

. 1 ~
E%Wf( Yxoﬁ z EYXY?( J Yo EWY?( EYA j;)’of( Wo ¥y YoiY °*v

1 1 -

é\mi éwovi YWo¥ " VoA X Ypey
1 1 . -
’WY)Z( *Wo\?( A itYO;X'X Yo Yy Yo:Ypoy
2111111111111]%_ I i L Mttt %%111111111111111

1Y xo¥2 A0
which ends the proof. O

As an immediate consequence, sinces >M , we obtain
Corollary 3.7. Forall AO, we haveYx,Yx D ¥%sYx .
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Convergence. We now prove that x, converges toxs as goes to zero. Note however that we
cannot obtain the rate of convergence in this abstract framework without dong some extra assumptions
ony , for example somesource condition, which are in practice di cult if not impossible to verify.
We shall come back on this in Sectior 6.

Theorem 3.8. X, converges toxs when tends to zero.

Proof. Let us choos€ | +,>n any sequence of strictly positive real numbers converging to zerg,, y "
the corresponding noisy data verifying¥y, ys¥% D n, and Xo;n A *yon With Yo, the minimizer of
the functional

Jny>Yz %YA Y WY T Yivaey:
We have seen that the sequencéxq.n*n>n iS bounded by Corollary:
Yon Y D ¥e¥ :
Therefore, up to a subsequence it weakly converges to somxe belonging to X . But, using (,
YA Xon Vs DV Xon Yo YVYn VYsY¥% D2 g

and then A X,.n Strongly converges toys in Y , while it weakly converges toA Xa , therefore A xa s,
leading to xa  Xs. As for all n,

Yo Y D WsYx DIiminf Yo ¥

we deduce
Im YonYs YXsYx ;
na

and obtain the strong converges of the subsequence ts. The result follows, as this reasoning is
correct for any sequence of strictly positive real numbers ¢,y converging to zero. O

Remark 3.9. Note that if we do not have any rate of convergence for the method, weevertheless
know that
YAX, YysYD2;

i.e. we have a linear rate of convergence for the residual.

3.3 Link with the Tikhonov regularization

A commun way to regularize our main problem is the Tikhonov regularization, which in our context
reads: for" AO, i}
X+ argmin LA Yy ¥ WY (3.6)
x>X 2 2
It is well-known (see, among others, [[311]) that such problem is welposed, and in the case of exact
data (i.e. y ys), X» converges toxs when" goes to zero.

Furthermore, fory suchthatYy y ¥\ D @Y Yy, there exists a unique value of the parameter
of regularization " "~ < such that the corresponding minimizerx- satis es the Morozov discrepancy
principle YA x- y Y , automatically ensuring both stability of the reconstruction procedure and
convergence towards the exact solution as goes to zero. This is why this parameter of regularization
is often chosen in Tikhonov regularization.

It turns out that the method described above allows to automatically determine "~ . Indeed, it
can be explicitly expressed in terms of and Yy,Yy , whereas the corresponding- is preciselyx, (see

Theorem[3.10 below).
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Theorem 3.10. Forall AOandy >Y suchthatYys y XY D @Y Yy, one has

and X . Xg.

WoY¢
Proof. Clearly, x- satis es if and only if for all x >X ,
TA XA Xey  "TXeiXex Ty A Xey !
Now, Proposition[3.4 implies that for all y >Y , one has

"AA Fygyey o, Yoy TY iy
which, recalling that A *y, x, and choosingy A x for x >X , leads to
Y A Xey T AA FygA Xey W, YorA xev

" A Xo A Xey "A iyo;X'x

YWo Yy

A Xo; A Xe —— X X*x .

o] Y WOYY o) X
Therefore, X, is the solution of (3.6) associated to the parameter choicé ST The fact that this

parameter is such that the corresponding minimizer satis es the Mobzov discrepancy principle follows
from equation (3.5), which ends the proof. O

4  Application to the data completion problem

We are now in position to prove all the results announced in the intrauction, that is Theorem 1.4,
Theorem[1.5, Theoreﬂ 1.p and Theoren 1.30, using the results of Sectipf 3 the functional setting
de ned in Appendix A/ that is with X  H 12" .« H'?" . dened in Section M Y H” .
de ned in Section[A.Z] and the operator A A de ned in Section[J. Notice also that ¢ with ¢
and being de ned in Section[].

Using Proposition[2.4, we obtain that the functional J  de ned by (B.1), that we want to minimize,
reads
J p>Hz s v ,8 ®v SZdx ¢ YOw,Y: . s F Owydx

wherew, is any harmonic H*-function so that ©w, p, and v- , andv  are de ned by (1.7), with

1 [

Following the results of the previous section (se€{(3]2)), we de ng@, >H" < as the unique minimizer
ofJ |

p, argminJ “pe; (4.2)
p>H"
and our regularized solution (see[(3.8))
-~ 1 ‘
o o° A¢p0 C@Wposc; WPOSC Sié Wpo ds , (42)
Cc c

where againwy, is any harmonic H* function so that ©w,, p,.

13



Reparametrization: proofs of Theorem 1.4 and|Theorem 1.5. [ | Numerically, handling
the spaceH™ < might be complicated, in particular because of the harmonicity condition. Therefore,
we reparametrize H™ < through boundary conditions as follows. First of all, we recall that, for

any >H, '@ e, with
H'* @+ ™>H '@« ;1le 0z

we denotew” e the function of H'” « verifying g w~ «ds 0 and

wooe 0 in ;
@w” - on@:
Note that the applicaton >H,">" @+z ©w" *>L?" « s linear.
We have the following lemma.

Lemma 4.1. For all p >H" e, there exists a unique >H, 12~@ « such thatow” » p, where
W~ +>H!" « s de ned above.

Proof. We rst prove the existence of such . Let p >H" «. By de nition, there exists W >H!" «
suchthat W 0and©W p. Forany v>H'" « one has

"@W;ve g OW O©vdx;
which shows that @W >H, 1~2”@ e choosingv 1. Hence clearlyp ©w" @We, where

1
w W §SS CWdS.

Now, let 1; » >H, 1~2A@ e such that p ©w" ;¢ ©w ,e. Then by de nition one has, for all
v>H o

~

T;ve g Ow e ©vdx g ©Ow" e ©vdx 2. VE
Hence ; ,, which ends the proof. O

This result permits to replace the minimization problem

1
2

Po arg)minoe) “pe %S %@ 8 sov 8Zdx c «g $8dxe s F pdxj;
by a minimization problem over H, 12~@ , easier to handle numerically, which reads
_ .1 3 . 3 .
o argmin ofF " e 5S %@, 8 Sov,87dx c <g S@&" *Sdxe g F ©w «dxj ;
H, 1~2A@ .

with v; and v, being two harmonic functions in H*~ « such that
vis 0 @vis, ; @Vvas O and vyg, W eg !
Then we have

po ©WA 0.;

14



and we use the fact thatp, is the unique solution of {4.1) and Lemmg 4.1 to prove Theoren 1]4, i.e.
there exists a unique minimizer o >H, *2 @ « of F .

Moreover, in our context, Equation (8.5) reads

ZA"" o o° FZLZA. c v, Ov FZLZA. c,;
that is, taking into account of the expression of ™' ; o* with respect to w,, (see [4.2)) and since
pO © WA 0®
2vi" o* © V" oo F Z,., cC;

which proves Theorem 1.b.

Convergence: proof of Theorem 1.6f | We recall that ™' \; ex* denotes the exact missing
data associated to the exact solutionuey (see Sectiorﬂl). We now state the two following results which

proves Theorem 1.6.

Proposition 4.2.  The couple”
goes to zero.

o o® CONVerges to™' ex; ex® Strongly in H 127 (o H2" e as

Proof. Suppose that we have proven that
IAAI ex; ~ex. F © UN © UD, (4.3)
whereuy and up are de ned in ([L.2) and where

1 24
ex ex §55C e><dS>H|12 c®:

Then Theorem directly implies the convergence of' ,; o to
result as “ex  ex iN AT (e,
Remains to prove [4.3). We rst note that

ex; “ex®, Which in turn implies the

A" e Text OV ©V~ex ©Ov_, ©Ov

ex !

as by constructionv. v for some real parameter . Then @) is equivalent to
ex

ex
©v_ UuUpe ©°v _ une:

But this last equation is necessarily true, as it is not dicult to se e from the problem they solve
that v, Up Uex V uy. O

ex

Corollary 4.3. The function u,, de ned by , converges toue, strongly in H” «+ as goes to
zero.

Proof. This is direct consequence of the previous proposition, as, Uex Satises “U, Uex* 0in ,
Uo Uex Op Op on and @ Up Uex* "o 'exON . O

15



Link with the Kohn-Vogelius regularization: proof of Theorem 1.10. [ | We now focus
on the Tikhonov regularization of the Cauchy problem, which is based on tle minimization prob-
lem ). In our context, for " AO, the quadratic functional to minimize turns out to be

esH 2 o HER ez %5 v ©v F fdx 5S w@v & ®v 8Zdx;

that is precisely the Kohn-Vogelius functional used in [22] to regularze the data completion prob-
lem. Hence Theoren] 1.10 is a direct consequence Theorém 3.10 up to theparametrization of our
minimization problem discussed above.

Remark 4.4. Notice that the computation of the Kohn-Vogelius functional fo some™'; ¢ requires the
resolution of two Laplace problems, whereas the computation oh¢ function F for a xed parameter
requires the resolution of three Laplace problems. From a numeridapoint of view, the di erence is
not noticeable. For that reason, the method we propose is more e @nt than simply minimizing the
Kohn-Vogelius functional for di erent values of the parameter " until Morozov's discrepancy principle
is met.

5 Numerical simulations
5.1 Gradient method

In order to solve the initial Cauchy problem ({L.1)) with the duality str ategy exposed above, our main
objective is to determine

. .1 § R 3 .
o argmin of " e >S "9®ov,8 Bv,87dx <5 BW Sdxe g F Ow edxj ;
>H|1~2~@.

vi and v, being two harmonic functions in H~ « satisfying

vis 0, @vis, ; @Vys 0 and vos, W eg;
andw” « >HY « verifying

S ©w ¢ ©vdx ";ve !v>HY e with g w eds O

and whereF  © uy © up with uy and uy in H" < being the unique harmonic functions satisfying
the following limit conditions:

Ups Op; @ups, 0, @uns gy and uys, O
Then the regularization solution of the data completion problem is given ly (see [4.2))

Mol o0 ATOW o0 UOW 05, W os, Z
In order to minimize F , we use a classical gradient method. Fof >H, 2@ «, we have
OF “ ¢ = g %Vy" » OVy"™ © vy~ » ©Ovy"Zdx
S Ow + OW dx g F ©Ow e dx

YOnN~ e L2
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Then, by multiple uses of Green's formula, we obtain

S ©Ovym o ©vi"edx "~ @vi" V1T e TViT e, T TV1 eep

S Ovy” o OV  edx T @V V2 e T @V W e S ©Ovyt e OW TedXx T VL eeg

S Ow « ©OW Tedx T TW” eeg ;
and 3
S F ©w™dx g ©uy up* ©Ow dx " T%y UpZeg :
Therefore, for all and ~in H, 12~@ «, we have

©OF "¢ T 7V e e —————wW ¢ Uy Up€g;

which immediately implies that

- VJ_A b VZA * WWA ° UN UD;
L2

is a valid descent direction for our minimization problem.

Remark 5.1. It turns out that the computation of an adequate descent directin is signi cantly easier

for the dual functional F than for the standard Kohn-Vogelius functional. This is mainly due to the
fact that the descent direction naturally obtained for the later féls to be in the correct functional space,
and therefore additional adjoint functions have to be computedsee [22] for details on that matter).
Note however that this di culty could be overpass by the alternative Neton approach developed in[20].

5.2 Estimation of a constant

As mentioned previously in Remark[1.3, in order to solve our problem, it $ mandatory to know the
numerical value of a constantc such that

Y FY_. .Dc:

From a theoritical point of view, this question is highly nontrivial as ¢ depends on Poincae constants
and trace constants, both of them being di cult to estimate. Therefor e, to estimate the constant,
we follow a naive numerical strategy. More precisely, for a given datagp, we construct the corre-
sponding gy, then compute up and uy, and nally F  ©uy © up. Doing so for several Cauchy
pair “gg;oue, forn  1;:::; N, with N >N, we de ne

YFnYLZ‘ .
c  max _ g |
n 1N ZgN%_| 12~ ZgDa_pi” .

Note that by de nition the obtained constant is actually smaller than the ¢ orrect one.
We perform this for the following dataset

g coske; go sinke and go xe&Y y*® coSxe;

simulations done in Section 5.8, we nd respectivelyc 0:402361 andc 0:412202, and for the cube
used in the simulations done in Sectiorf 5.3]2, we ndc 0:779726. Thus, in the below simulations,
we setc 1.
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Remark 5.2. To be very precise, in order to compute the constante, we use for numerical sim-
plicity YONY .- . YOpY 2~ . instead of YONY, 12~ . YOb Y12~ .. It is of course possible to obtain
numerical approximations of the normsYY, 1.~ , and YY1~ ,, as in [6], but it becomes costly for a
result that we believe would be close to the one we obtain.

5.3 Numerical results

In all the simulations below, the data are obtained by solving a Laplace poblem with an imposed
Dirichlet data on the boundary of the domain, and computing afterwards the corresponding Neumann
data. To avoid inverse crime, we use di erent discretizations for he resolution of the direct problem
and the inverse problem. Unless otherwise stated, we add 1% of noise on bothe Dirichlet and the
Neumann data.

We perform the following simulations using Freefem++  (see [34]).

5.3.1 Two dimensional results

We rst test our method in a two dimensional setting. The domain ist he the square” 0:5;0:5¢2. We
obtain simulated data using as Dirichlet data the function g"x;y* y® 3x2y. In our rst simulation,
the Cauchy data is known on the bottom, left and right sides of the squarehence . is the upper side
of the square. The results are presented in Figurg]1.

In Table [} we present the discrepancy between the exact solution anthe reconstructed one, both
in the domain and on the boundary, for various amount of noise on the data. As expéded, the higher
the amplitude of noise is, the lower is the quality of the reconstrution.

Yex UoY 2~ . | Wex UoY 2~ * YQuUex @UoY, 2~ e
1% of noise 0.00569766 0.0181235 0.185356
5% of noise 0.0163477 0.0471818 0.540135
15% of noise 0.0229866 0.071003 0.598729

Table 1: Discrepancy between exact and reconstructed solution.

In Figure P| we use the same data as previously, but ¢ is now the union of the upper boundary
and the right boundary. In other words, the data is available on a smaller @rt of the boundary of
the domain. Naturally, the reconstruction deteriorates, but we still have Yuex UgY .- . 0:0532907,
Wex UoY 2~ .. 0:180946 andY@Uex @UoY .~ .. 0:822416.

Finally we consider the case of the annulu€ ""0; 0«; 1« f C "°0; 0+; 0:35+. The data is computed using
the same Dirichlet data as previously. In Figure[3, . is the inner boundary of the annulus whereas
in Figure @ . is the outer boundary. It comes as no surprise that the reconstructionis better when
the measurements are made on the exterior boundary.

5.3.2 Three dimensional results

To conclude these numerical simulations, we present hereafter arxample of humerical reconstruction
in a three dimensional setting. More precisely, our domain is now theube"0; 1+3. We use the function
g'x;y;ze y® 3x?y 10z as Dirichlet data to compute our synthetic data. . is composed by the
upper and lower sides of the cube. The obtain results are presented Figure [5
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Exact solution Initial approximated solution

IsoValue IsoValue

(a) Exact solution

Final approximated solution
Isovalue

‘ T T T T T

(c) Reconstructed solution (100 iterations) (d) Value of the functional

Figure 1: . = 0:5;0:5¢ ~ 0:5¢, 1% of noise.

6 Further comments

6.1 Rate of convergence of the method

As already noted, no rate of convergence for the method is obtained in the atract setting developed in
Section[3 without additional assumption on the data. Nevertheless, in oursituation, an unconditional
rate of convergence can be obtained thanks to Theorefm 1.1. This is another ample of the link between
Carleman estimates and Tikhonov regularization for partial di erential e quations (see, e.qg.,[135]).

Theorem 6.1. There exist ¢ >"0;1, >7"0;1e and C AO such that for all >70; ge,

c

Yo el - Pioyg 7

Proof. Let D1. Then we have
YgDYH 12~ DﬁDYH 12~ DY‘JDYH 12~ o 1L
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Final approximated solution

Initial approximated solution
IsoValue IsoValue

000117481

(a) Initial guess (b) Reconstructed solution (100 iterations)

. d) Value of the error
(c) Value of the functional (d) Valu

Figure 2: ¢ ™ 05 ° 05058 0:5,0:5¢ 7 0:5¢¢, 1% of noise.

Moreover, by Lemma[A.3 and Corollary[3.7, there exists a constanC A0 such that
Y oY .- .DCs %v 8 ®v SZdxDCg %®v 38 ®v A SZdx
Then, sinceu, solves ), there exists a positive constant, still denoted byC, so that, forall >"0; 1e,
Yo UexYyi- . DC:
Now, from Theorem[1.3, we known that

S ®Vi"gr OV, o+ F 8dx g5 ®v, OV, ©Oup, ©uySdx ¢ ?

where we recall thatu, and uy are de ned by with go and gy replaced by their noisy counter-
parts g, and gy. It is not di cult to see from their respective de nitions that act ually u, v, up
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Exact solution Initial approximated solution
IsoValue Isovalue

(a) Exact solution (b) Initial guess

IsoValue

Final approximated solution

. ) . (d) Value of the functional
(c) Reconstructed solution (200 iterations)

Figure 3: ¢ C™ 0;0e¢;0:35, 1% of noise.

andthat 4 v uy is harmonic in and veries @us gy. Hence we have, using the continuity of

o

the trace and the above equality,
YQuo, OyYy 12~ . DCYOU, teY 2~ .DC;

for some constantC AO.
Finally, us Uex is a harmonic in , uniformly bounded for > "0; 1+, and satis es

Yo Uex¥hi2~ . YOp OpYyier . D

and
Y@AUO Uex'YH 12~ o D@UO gNYH 12~ o YgN gNYH 12~ o DC

The result is then obtained by applying Theorem 1.1 withu U, Uex- O

Remark 6.2. The logarithmic rate of convergence, very slow, is characteristic of théll-posedness of
Problem (1.1). Notice that one obtains a better rate of convergence in any subdonmai™ ° such
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Exact solution Initial approximated solution
IsoValue Isovalue

(a) Exact solution (b) Initial guess

IsoValue

Final approximated solution

1-0.00906234
-0.000203516
10.00865531
W0.0175141
0026373

IIIlITT T
505500

S

>

. ) . (d) Value of the functional
(c) Reconstructed solution (200 iterations)

Figure 4: . C™ 0;0e;1e, 1% of noise.

that dist” ; c* A0. Indeed, from the Helder interior stability results for the Cauchy problem (see [3,
Theorem 1.7 and Remark 1.8]), we obtain that for some constan€ A0 and some > "0; 1.,

Yo UexY|_2~ -.DC

In other word, we have a Helder rate of convergence in the subdomain.
Note also that in both case, even ifl, converges toue, strongly in H!, we only obtain a convergence
rate in the weakerL? norm.

6.2 Imposing exactly a nite dimensional subpart of the data

Even if the data at hand is noisy, some subpart of the data might be trustworthy. For example,
if we decompose the data in some Fourier-type series, thiew frequency part of the data is usually
less a ected by the noise than thehigh frequencypart. In that situation, we might want to obtain a
regularized solution of our inverse problem that corresponds exactly tahe part of the data we trust.
This is the topic of this section.
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(a) Exact solution (b) Initial guess

(c) Reconstructed solution (100 iterations) (d) Value of the functional

Figure 5: . T™0;1¢2 028 ™(Q;1+2 17, 1% of noise.

In order to be more general, we present the results in the abstract $eéng of Section 3: let ys >Y
be the exact data andxs >A the corresponding solution (i.e. A Xs Vs). We recall that y >Y s the
noisy data, verifying, for a given AO,

YW ys¥% D:

Additionally, let P Y Y be an orthogonal projection, such that ranK P @ 2. We suppose that
Py Pys

In our setting, Py is the trustworthy part of our data, which corresponds exactly to P ys, while
“lg Pey is the part of the data which is really a ected by the noise. We modify our Morozov set of
regularized solutions:

Mp "x>X; YAX y¥% D; PAX Pye«:

In another word, we seek for an approximated solution that solves the proldm up to the level of
noise, but solves exactly the problem on the trustworthy part of the data. Note that M p is not empty
asxs>Mp.
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It turns out that we only need a minor modi cation of our dual method to obt ain exactly such a
solution. It su ces to minimize the modi ed functional

Je y>Y 2 %YA*yYf( Yig Pey% iy ey

Let us begin by proving the well-posedness of this optimization prol#m.

Proposition 6.3.  There exists a uniquey, >Y such that

Yo argmind p ye:
y>Y

Proof. The functional J p being continuous and strictly convex (asA * is one-to-one), we only need to
prove that it is coercive. To do so, we follow the argument to absurdiy of the proof of Proposition 3.2.
We introduce the same sequencéy, *,-\ that veri es

n“[n WnYy @ and J p y,* @C,;

for a constant C > R, and then de ned, for all n >N, z, annYYl, which, as in the proof of
Proposition 3.2, weakly converges (up to a subsequence) to,Q
Now the proof slightly changes. We rst note that, as rankK"P+ @ 2, up to a subsequenceP z,
strongly converges to § . Therefore, "Iy Pe+z, does not converges strongly to zero ir¥Y , otherwise
a subsequence of, would strongly converge to G , which is impossible asyz, ¥, 1.
Finally, as
J P Yn*AWnY  Ylg PezyXy  "Zhy ey

the contradiction follows by letting n goes to in nity. O

Remark 6.4. The results remains true if we replace the projectionP by any compact operatorK .

Let us now prove three propositions that will permit to obtain our main c onvergence theorem 6.8.
To do so, let us introduce, as in Section 3,

Xo A tyo:

Proposition 6.5. The regularized solution x, belongs toM p. Furthermore, if Py, X Yo, then X,
veri es
P lgeyo

A _
X Y YR TaveYy

Proof. SupposePy, X Yo,. ThenJ p is di erentiable at y,, and the Euler-Lagrange equation associated
to our minimization problem gives

“lg Peyo

AAF _
Yoo Yig Peyo¥

y Oy:

The results follows since we can deduce from this equality that, aditionally, x, >Mp.
The casePy, VY, is slightly more delicate. First of all, even if J p is not anymore di erentiable
at yo, we recall that, sinced p"yq* an.J pye, Oy belongs to the sub-di erential of J p at y, (see,
y>

e.g., [30, Section 5 p.20]), or equivalently

AA *y, y > By
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where B; is the closed unit ball of Y . HenceYA x, y ¥ D . Furthermore, we note that

. . .1
J P Yoo mMinJ p"yeD min J pTye min =YA *y\& Y oYey
y>Y y>Im~pPe y>m-Pe 2
which easily implies, sincey, >Im~Pe,
1
Yo argmin=YA fy¥z "y yey:
y>Im~Pe 2
The Euler-Lagrange equation associated with this minimization problem &ads to
Aty Atyex Tyiyey 0 TAXe Y iyey: ly>ImTPs: (6.1)
HenceA x, Yy belongs to the kernel ofP, which proves that x, >Mp. O

Proposition 6.6. We have
YWo¥e  2J pYoe:

Proof. In the casePy, X Yo, the proof is precisely the one of Proposition 3.5. In the other case, we
have

- 1 -
JpYor W% TY Yooy
and as shown in the previous proof of Proposition 6.5,
1 N
Yo argmn=YA*y¥ "y ;yey:
ysim pe 2

Then, using the Euler-Lagrange equation associated to this minimizattn problem (see (6.1)), we
deduce that
oY YA iyoyi TY Yoty

and the result follows. O

Proposition 6.7. Let Xx>Mp, X X Xo. Then Y A KoY« .

Proof. The proof is almost exactly the same as the one of Proposition 3.6. Let >M p, with X X X,
anddeney, y A X, which by de nition veri es

Pyp Oy and Yp¥% D:

Then, using Proposition 6.6,

1 . 1 . 1 1 -
5%\9(\& Yxo¥s Z EWY;i J “Yor E\mi SYA o Ylg Peyo¥ T Yoy ey
1 1 R
SHK S Yla Peyo¥y T YolAX ypey
1 1 “ “ ~
SH WK TATYexex  Ylg Peyo¥ T YoiTla Peypry
1 1
EYS(\& EYS((,\& " Xoixex  Ylg
1111111111111 111 1 1 1 T M A Y A R Y A A
1% Xo¥2 AD ’
which ends the proof. O
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We can now state our convergence theorem, which can be proven exactly dheorem 3.8 thanks
to the previous propositions.

Theorem 6.8. The regularized solutionx, converges toxs as goes to zero.

As a conclusion, ifPy  Pys, then minimizing the modi ed functional J p leads to a regularized
solution that satis es both the constraints

YAXe VY% D; and PAX, Py Pys;

without numerical di culties since the main minimization problem remains without constraint.

A Functional framework

In this appendix, we precise the functional framework used in the pesent study, in particular the
functional spaces de ned on open subparts of the boundary of .

A.1 Functional spaces on the boundary

Let be an open subset of @ of positive Lebesgue measure. As usual, we denote by H2" « the set
of functions of L2" « which are the trace on of functions of H1" :

HI2® o g>12° o SW>HY o wg g2t
The space H?~ « endowed with the usual norm,

YgYH1~2A . inf “NYHl“ o
g

W>HL" e wg
is a Banach space. We note

12~

H ™ o > g>H™ ;g gds O ;

which is a closed subspace of ¥~ «. Note that thanks to Poincae inequality, there exists a con-

stant C A0 such that for all g in H.l‘z“ o, all v>H'" «suchthatvs g, one has

YgYy:i2- . DCYYyi- . DCYGQVY, 2~ .: (A1)

We also de ne
A2 « HI?2" R

which, endowed with the norm
YgYH]rZ" . LQLYg CYHl«Z" .;
is also a Banach space. Clearly, we have, for allg;; goe > H'™2" <2

o g>AY . g @ c for some real constantc:

Following [38], we de ne

12~
.

Hoo T>L2" e goq SHIZ@ ¢z HY? o
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where gex; >L2°@ « is de ned by
Ot goOn ; and Gex OON@f ;

and H 12"« as the dual space of I%;;Z“ +, endowed with the dual norm

YhYy 12~ . sup “h; ge
g>H(1)(;2A *; Y0ext YH 1-2-g . 1
2~ 1~2~

the bracket meaning the dual evaluation between H!
one has

« and Hy,”™ . Note that by construction,

H|1~2A o Hl~2'\ o L2" ¢«  H 12~

Furthermore, thanks to Green formula, we know that for all v >H'" « such that v >L?" « @vg

belongs to H1?" « and 5
Y@VS YH 12~ . DCWWY - . Y VY2 Z:

We now suppose that@ 8 ¢ with and . be two open subsets and of positive Lebesgue

measure, and 9 . g . For g>H|l~2A e« and h>H 2" (e« we de ne the following problem: nd u
in H> « such that
¢ oin ;
"Pye 3 U gon ;
a @u hon ¢:

Lemma A.1. There exists a uniqueu >H?" « solution of P . Furthermore, there exists a positive
constant ¢ such that
YuYyes . DC%\@YthA . YhYH 1-2~ C.Z:

Proof. It is not dicult to prove that there exists a unique R™ge > H!" « satisfying R"ges ¢
and YR"g*Yq:~ . YgYy:2- .. We then denote

H~ o ™M>H" o v  07;

which is a closed subspace of H ¢, hence an Hilbert space when endowed by the Hscalar product.
But thanks to Poincae inequality, the H 1-semi-norm is an equivalent norm on B~ .

By de nition, for all v >H!" «, vg_ belongs to I-[%BZA c*, hence h;vs eis well de ned. From
Lax-Milgram theorem, there exists a uniquew >H! "~ « such that for all v>H!" «,

S ©Ow ©vdx g ©OR"ge ©vdx " h;vs._ g
which furthermore veri es 5
WVYHl" . DC%\@YszA . YhYH 1-2~ C.Z:
In particular, by linearity of Problem “P ¢, we have obtained the uniqueness property of Lemma A.1.
We note that u w R"ge satis es by construction u 0,us g¢and
YuYy:- . DC%@Yyizr . YhYy 12r L Z:

Furthermore, using Green formula and the variational problem satis ed by w, we obtain that for
all g>Hgy" co,
‘@Uu;Gexie hige

hence@us , h, which ends the proof. O
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For in H.l*z“ eand' >H 2" .+ wedenev the unique solution of "P ,e with g andh O,
and symmetrically, we denotev: the unique solution of "P ,¢ with g Oandh '

Lemma A.2. The application

e T 2'>H|1~2A * |'||1~2A *z " 1; 2 § ©Ov, ©v,dx;

de nes a scalar product on H|1‘2‘ ¢, the corresponding norm being equivalent to the standard norm.

Therefore, AH|1~2A ;7 ; e is a Hilbert space.

Proof. It is not dicult to see that = ; « is bilinear symmetric positive. It is de nite asif ™ ; + O,

then ©v 0, hencev >R. But as Vg is mean free, this immediately implies 0.
Now, on one side, from the continuity of trace, we getY Y2~ . DCW Yq:~ .. Butasv g

is mean free, from a Poincae-type inequality we obtain W Yj:- . DcYOv Y :- .. So, using nally

Lemma A.1, we obtain two positive constantsc; and ¢, so that
Y YH1~2A .DYv Yy:- . DY YH1~2A o
which ends the proof. O

Lemma A.3. The application
Tie T ae>H TP e HIYP ez Tryte g OV, OV, dX

de nes a scalar product onH 12~ (e the corresponding norm being equivalent to the standard norm.

Therefore, "H 12~ e;™ : e is a Hilbert space.

Proof. It is not dicult to prove that "~ ;  is indeed a scalar product on H*?~ (e, using that by
de nition, v. 5 0.

To prove the equivalence of the norms, we rst note that by continuity of the normal derivative,
the fact that by de nition v- is harmonic in , and a Poincae-like inequality as v. g 0, we obtain

Y Yy 1o . DC%E Y- . Y VY2 .Z CW Ve . DCYOW Yoo
On the other hand, Lemma A.1 gives
YOv- Y 2~ . DcY YH 12~

The result follows. O

A.2 Functional space in the volume

We de ne
H> o ™w; w>H> «satses w 0in 7 L2 e

Lemma A.4. The spaceH" e, endowed with the usual scalar product of.?" «, is a Hilbert space.

Proof. As H” « is a subspace ofL2?" e, it is sucient to prove that it is closed for the L2-norm.
Therefore, let p, a sequence of elements df~ « converging to somep >L2" «:

nlign Yo, pYe . O
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By de nition, there exists a sequence of harmonic functionsv, >H'" « such that p, ©v,. The
sequence

1
Y% Vn Vn dx
s

is also a sequence of harmonic functions such th&@w, p,. From Poincae-Wirtinger inequality and

the fact that p,, converges top, we deduce thatv; is a bounded sequence in H +, and therefore
weakly converge to somev >H'" . As w, is harmonic for all n, so isv, hence©v is an element
of H> «. Finally, in L?" «, ©w, weakly converges to®v, and strongly converges top, hencep © v,

which ends the proof. O
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