THE “EXTERIOR APPROACH” APPLIED TO THE INVERSE OBSTACLE
PROBLEM FOR THE HEAT EQUATION
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Abstract. In this paper we consider the “exterior approach” to solve the inverse obstacle problem for the heat
equation. This iterated approach is based on a quasi-reversibility method to compute the solution from the Cauchy
data while a simple level set method is used to characterize the obstacle. We present several mixed formulations
of quasi-reversibility that enable us to use some classical conforming finite elements. Among these, an iterated
formulation that takes the noisy Cauchy data into account in a weak way is selected to serve in some numerical
experiments and show the feasibility of our strategy of identification.
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1. Introduction. This paper deals with the inverse obstacle problem for the heat equation,
which can be described as follows. We consider a bounded domain D C R, d > 2, which contains
an inclusion O. The temperature in the complementary domain Q = D\ O satisfies the heat
equation while the inclusion is characterized by a zero temperature. The inverse problem consists,
from the knowledge of the lateral Cauchy data (that is both the temperature and the heat flux) on
a subpart of the boundary 0D during a certain interval of time (0,7") such that the temperature
at time ¢t = 0 is 0 in €2, to identify the inclusion O. Such kind of inverse problem arises in thermal
imaging, as briefly described in the introduction of [9]. The first attempts to solve such kind of
problem numerically go back to the late 80’s, as illustrated by [1], in which a least square method
based on a shape derivative technique is used and numerical applications in 2D are presented. A
shape derivative technique is also used in [10] in a 2D case as well, but the least square method
is replaced by a Newton type method. Lastly, the shape derivative together with the least square
method have recently been used in 3D cases [16]. The main feature of all these contributions is
that they rely on the computation of forward problems in the domain Q x (0,7"): this computation
obliges the authors to know one of the two lateral Cauchy data (either the temperature or the
heat flux) on the whole boundary 9D of D. In [18], the authors introduce the so-called “enclosure
method”, which enables them to recover an approximation of the convex hull of the inclusion
without computing any forward problem. Note however that the lateral Cauchy data has to be
known on the whole boundary dD. We don’t know if the authors have tested the feasibility of
their method with the help of some numerical experiments.

The present paper concerns the “exterior approach”, which is an alternative method to solve
the inverse obstacle problem. Like the “enclosure method”, it doesn’t need to compute the solution
of the forward problem and in addition, it is applicable even if the lateral Cauchy data are known
only on a subpart of D, while no data are given on the complementary part. The “exterior
approach” consists in defining a sequence of domains that converges in a certain sense to the
inclusion we are looking for. More precisely, the nth step consists,

1. for a given inclusion O,,, in approximating the temperature in Q,, x (0,7) (€, := D\ O,,)
with the help of a quasi-reversibility method,
2. for a given temperature in ,, x (0,7, in computing an updated inclusion O,,11 with the
help of a level set method.
Such “exterior approach” has already been successfully used to solve inverse obstacle problems
for the Laplace equation [5, 4, 14] and for the Stokes system [6]. It has also been used for the
heat equation in the 1D case [2]: the problem in this simple case might be considered as a toy
problem since the inclusion reduces to a point in some bounded interval. The objective of the
present paper is to extend the “exterior approach” for the heat equation to any dimension of
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2 The inverse obstacle problem for the heat equation

space, with numerical applications in the 2D case. Let us shed some light on the two steps of
the “exterior approach”. In the step 1, the quasi-reversibility method is used to approximate the
solution to the heat equation with lateral Cauchy data and zero initial condition in a fixed domain,
which is a linear ill-posed problem. Quasi-reversibility was first introduced in [19] and roughly
speaking consists, in its classical form, of a Tikhonov regularization applied to a bounded heat
operator d;. — A. from a Hilbert space to another, so that such operator is injective with dense
range, but not surjective. The main feature of this non iterative method is that it can be directly
interpreted as a weak formulation and hence is well adapted to a finite element method. However,
such weak formulation corresponds to a fourth-order problem and requires some Hermite type
finite elements [5]. This was our main motivation to introduce some mixed formulations of quasi-
reversibility in order to replace the fourth-order problem by a system of two second-order problems
for which Lagrange finite elements are sufficient. Those mixed formulations were introduced first
for the Laplace equation [3, 14], then for the Stokes system [6] and eventually for the heat/wave
equations [2]. Some other ideas on the use of mixed formulations to solve inverse problems for
the wave equation will be found in [12]. In the step 2 of the “exterior approach”, we use a non
standard level set method based on the resolution of a Poisson equation instead of a traditional
eikonal equation. Its main advantage is that the Poisson equation can be solved with the help of
simple Lagrange finite elements based on the mesh that is already used for the quasi-reversibility
method. Such level set method was first used for the Laplace equation in [5, 4, 14] and for the
Stokes system in [6].

The article is organized as follows. In section 2 we introduce our inverse obstacle problem
as well as several uniqueness results. Section 3 is dedicated to different mixed formulations of
quasi-reversibility to solve the heat equation with lateral Cauchy data and initial condition. In
section 4 we present our algorithm to solve the inverse obstacle problem. Numerical experiments
are eventually shown in section 5.

2. The statement of the inverse problem and some uniqueness results.

2.1. Statement of the problem. Let D and O be two open bounded domains of R¢, with
d > 2, the boundaries 0D and 0O of which are Lipschitz continuous. The domains D and O are
such that O C D and Q := D\ O is connected. Let I' be an open non empty subset of D. For
some real T' > 0, we consider @ = § x (0,T") and following the notation in [20], we define

HYY(Q) = L*(0,T; H'(Q)) N H'(0,T; L*(92)).

The inverse obstacle problem consists, for a pair of lateral Cauchy data (go,g1) on I x (0,7), to
find O such that for some function u € H%(Q):

Ou—Au=0 in Qx(0,7)
u = go on I'x(0,7)
0,7)

ou = g1 on I'x (0, (2.1)
u=0 on 900 x (0,7T)
u=0 on  §x {0},

where v is the unit outward normal vector on dD. Since u € H!(Q), all the traces used in problem
(2.1) are well defined. For example, go € L?(0,T; H'/?(T')) and since Au = d;u € L?(0,T; L*()),
we obtain u € L2(0,T, H*(Q,A)), where H'(Q,A) denotes the space of H!(Q) functions the
Laplacian of which belongs to L?(9), whence g; € L?(0,T; H~'/?(I")). In the following we will
denote by Héé ?(T') the dual space of H~1/2(T"), which coincides with the subspace of functions in
H'/?(T) such that their extension by 0 to Q belongs to H'/?(5Q).

We have to cope with problem (2.1) if for example, starting from a zero temperature in the
domain €2, we try to recover the inclusion O by imposing a heat flux g; on the accessible part of
the boundary T" during the interval of time (0,7") and by measuring the resulting temperature on
the same part of the boundary during the same interval of time. On the inaccessible part of the
boundary 9D \ T, no data is provided.
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2.2. A uniqueness result. Uniqueness for problem (2.1) is well-known (see for example
[10]). However we state and prove the result for sake of self-containment and in order to be precise
on regularity assumptions.

THEOREM 2.1. Fori = 1,2, let two domains O; and corresponding functions u; € H>(Q;)
satisfy problem (2.1) with data (go,g1) # 0. Assume in addition that u; € L*(0,T;C%(Q;)). Then
we have O1 = Oy and u; = us.

Proof. Let us consider Q the connected component of D \ O1 U Oy which is in contact with T,
and O := D \ Q. The function u = U1 — ug satisfies in Q the problem

du—Au=0 in Qx(0,T)
u=0 on I'x(0,7)
Oyu =0 on I'x(0,T).

By Holmgren’s theorem we obtain that u vanishes in Q, that is u; = uo in Q. Assume that 05
is not contained in Oy, which implies that the open domain Ry = O \ Og is not empty. We have
uy = 0 on Ry and since uy € L?(0,T;C°(Ry)) N L?(0,T; H*(Ry)), from [7] (see theorem I1X.17
and remark 20) we obtain that uy € L?(0,T; H}(Rz)). We now use the heat equation for uy and

obtain
d
— (/ u%dx) = —/ |Vug|? dz < 0.
dt Ro Ro

The initial condition satisfied by ug enables us to conclude that us vanishes in Ry x (0,7). Whence,
from the Holmgren’s theorem again, we obtain that us vanishes in Q9 x (0, T'), which is incompatible
with the fact that (go,g1) # 0. This implies that Oy C O and we prove similarly that O; C O,
which completes the proof. O

2.3. Absence of initial condition. It is a natural question to ask what is the role of the
initial condition u = 0 in 2 x {0}. It is not difficult to see that, in the absence of initial condition in
problem (2.1), uniqueness does not hold. Indeed, let us consider for d = 2 a domain D that contains
the square S = (0,1) x (0,1). Such square contains itself the square S = (1/4,3/4) x (1/4,3/4).
Let us now define for n € N

Ap = 4AnmV2,  wp (21, 22,t) = et sin(4nmxy) sin(4dnmwas).

The function u; is clearly a solution to the heat equation in D that vanishes both on 9S and
dS. Hence it is a counterexample to uniqueness since two different obstacles are compatible with
the same lateral Cauchy data. One could then expect that uniqueness is restored if we add extra
lateral Cauchy data. This is not true, since all the functions u,, are solutions to the heat equation
in D, vanish both on 85 and S and provide an infinite (still countable) number of lateral Cauchy
data.

2.4. Non zero initial condition. In view of the above non uniqueness result when no
information on the initial condition is given, it is another natural question whether we have
uniqueness if we assume that the initial condition is u = ug in Q x {0}, where uq is known but is
not identically zero. To our best knowledge this question is open. However, there exists at most
one obstacle which is compatible with two pairs of Cauchy data (go,g1) and (hg, h1) associated
with two functions v and v with (go,g1) # (ho,h1). This result is simply obtained by applying
the uniqueness theorem 2.1 to the function u — v, which satisfies problem (2.1) for a non vanishing
pair of Cauchy data.

2.5. Non negative initial condition. We complete this review of uniqueness results by
the special case of non negative initial condition and homogeneous Dirichlet data on the whole
boundary 0D. The modified inverse obstacle problem we consider now consists, for some ug on
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Q2 x {0} and g; on T x (0,7), to find O such that for some function v € H'1(Q):

Ou—Au=0 in Qx(0,7)
u=20 on 0D x (0,7)
ou = g1 on I'x(0,7) (2.2)
u=0 on 00 x (0,T)
u = U on  Qx{0}.

We have the following uniqueness result.

THEOREM 2.2. Fori = 1,2, let two domains O; and corresponding functions u; € H(Q;)
satisfy problem (2.2) with g1 # 0 and ug > 0. If we assume in addition that u; € L*(0,T; C%(Q;))
then we have O1 = O and uy = us.

Proof. We start the proof exactly the same way as in the proof of theorem 2.1 and we reuse
the same notations. We hence have u; = uy in €. Assume that O, is not contained in 01, which
implies that there exists T € 905 and € > 0 such that B(T,e) C €y, where B(T,¢) is the ball of
center T and radius €. By continuity of ue up to the boundary of €2y and the fact that uo = 0 on
002 x (0,T), we have u1(Z,-) = 0 on (0,7). Thanks to interior regularity of function u;, such
equality is pointwise, that is u1 (Z,t) = 0, for all t € (0,T). Now let us use the mean value property
for the heat equation (see [15]). We define the heat ball F(x,t) of radius r in Q x (0,7T) by

1
E(x,t) = {(%s) e Qx(0,7), (x —y,t—s) > rd}’
with ® the fundamental solution of the heat equation

H(T) —|z|? /4T
@(Z,T):We ‘ ‘/ s

and H the Heavyside function. A short computation proves that
E(z,t) = {(y,s) €O x(0,7),y € B(x,a(s)), t — o <s< t} , (2.3)

with

als) = \/Zd(t ~s)n (477(:2—3)>

We note that for (y,s) € E(x,t), a(s) < ry/d/2m. As a result, for sufficiently small r, E(Z,t) C
B(z,e) x (0,T) for all t € (0,7T"). The mean value property implies that

1 ly — |

ui(z,t) = o /E(I ) ui(y, s) 512 dyds.

By the maximum principle for the heat equation (see [7], theorem X.3), we have that u; > 0
in Q; x (0,7T). Therefore, that uy(7Z,¢) = 0 for all ¢ € (0,T) implies that u; = 0 in E(7,t) for
all t € (0,7). Now let us denote 2a = r?/4r for sake of simplicity. For any t € [2a,T — a/2]
and s € [t —a,t —a/2] C [t — 2a,t], a(s) > Vdaln2, which means in view of (2.3) that for
t € [2a,T — a/2], the heat ball E(Z,t) contains the domain B(T,Vdaln2) x (t — a,t — a/2). By
Holmgren’s theorem, u; = 0 in Oy x (¢t — a,t — a/2) for all t € [2a,T — a/2], which implies that
up =01in Q X (a,T — a). Since the result is true for all sufficiently small a we obtain that u; = 0
in 7 x (0,T), which contradicts the fact that g1 # 0. Then Os C O; and the reverse inclusion in
obtained the same way. O
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3. Some quasi-reversibility methods for the heat equation. In this section we consider
the heat equation with lateral Cauchy data and initial condition: for a pair of lateral Cauchy data
(g0,g1) on T' x (0,7T), find u € HY1(Q) such that

Ou—Au=0 in Qx(0,7)
U= go on I'x(0,7) (3.1)
du = g1 on I'x(0,7) '
u=0 on € x {0}

The problem (3.1) is well-known to be ill-posed, however the Holmgren’s theorem implies unique-
ness of the solution v with respect to the data (go, g1)-

3.1. A Hl-forn}ulation. We introduce the following open subsets of 9Q: T' = 99 \ T,
Y=TIx(0,T),2=Tx(0,T), So = Q2 x {0}, Sp = Q x {T} as well as the following functional
sets:

H;'£2(E) - {g - u|27 u € Hl’l(Q)? U|So = 0}7 Vg = {u € Hl’l(Q)v u|2 = 9o, u|50 = 0}7

VO = {U € Hl’l(Q)a u|2 = 07 u|So = 0}7 VO = {)‘ € HLl(Q)7 /\‘i = 07 )“ST = 0}

Due to Poincaré inequality, both spaces V; and V can be endowed with the norm || - || defined by
1P = [ @2 dsd+ [ V- dnat
Q Q

and the corresponding scalar product is denoted by ((-,-)). We will need the following lemma,
which is a weak characterization of the solution to problem (3.1).

LEMMA 3.1. For (go,q1) € Hééz(Z) x L2(0,T; H-'/2(T)), the function u € H“'(Q) is the
solution to problem (8.1) if and only if u € Vy; and for all p € Vo,

/ 5‘tuudacdt+/ Vu - Vyudzdt = / g1 pdsdt, (3.2)
Q Q )

where the meaning of the last integral is duality between L(0,T; H=/2(T)) and L*(0,T; Holo/z(F)).

Proof. To begin with, let us assume that v € V; and satisfies the weak formulation (3.2).
The definition of V, immediately implies that u = go on I' x (0,7) and v = 0 on Q x {0}. By
first choosing u = ¢ € C§°(Q), we obtain dyu — Au = 0 in @ in the distributional sense. Since
u € HM(Q), we have in particular Au € L?(0,T; L?(f)), which together with the fact that u = 0
on T x (0,T) enables us to write the following Green’s formula:

/()T(/Qvu.wc@ dt:—/OT (/QAuudm> dt+/OT (/ra”u“d8> .

where the last integral on I' has the meaning of duality pairing between H~1/2 (I') and H&gQ(F)
This formula together with (3.2) and d;u — Au = 0 in @ implies that for all p € Vj,

[ ([unas)ae= ["( [ oipas) e

Now we choose pu(z,t) = m(z)y(t) with ¢ € C5°(0,T) and m € H* () with m = 0 on . We
obtain that for all m € H'(£2) such that m|z = 0 and for almost all ¢ € (0,7),

/auu('at)mds:/gl('7t)md87
r r
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which leads to the fact d,u = g1 on T x (0, 7). We prove similarly that if u solves the problem

(3.1) then it satisfies u € V;; and (3.2). O
The H!-formulation of quasi-reversibility consists of the problem for some real € > 0: for

(9o, 91) € Hg*(£) x L*(0,T; H-/*(T)), find (u., A.) € V, x Vy such that for all (v, ) € Vo x Vo,

—/ v O Ae dxdt—i—fs/ Orue Opv dadt
Q
/Vv Ve dxdt—l—a/ Vue - Vodxdt = 0,

/[“)tusudmdt /(“)t)\ Oy dzxdt

/Vu6 Vudwdt—/ Ve - Vudzdt = /g1udsdt7
b

where the last integral has the meaning of duality between L2(0, T; H~1/2(T')) and L2(0, T; Hi}*(T)).

THEOREM 3.2. For any (go,g1) € HEO(E) x L2(0,T; H-'Y/*(T")), the problem (3.3) has a
unique solution (us, As) in Vy X Vo. Furthermore, if there exists a (unique) solution u to problem
(3.1) associated with data (go,g1), then the solution (ue, Ae) to problem (3.3) associated with the
same data (go, g1) satisfies
limu, =u in H“YQ), 1in(1)/\5 =0 in H“YQ).

e—

e—0

Proof. We first prove well-posedness of the quasi-reversibility formulation. Since we have
assumed that gy € Hg / (X), the set V, contains at least one element ®. In order to use the
Lax-Milgram lemma, we define e = us — ® so that the problem (3.3) is equivalent to find
(tie, \2) € Vi x Vp such that for all (v, 1) € Vy x Vp,

A((’&'E’ )‘6)7 (v, ;U')) = L(U»N)'

Here L is a continuous linear form on Vg x Vj (which we don’t give explicitly as a function of ®),
and A is the continuous bilinear form on Vj x V, given by

A((a, ), (v, 1)) :7/ vat)\dxdtf/ Oyt p dzdt
Q Q

+/ Vv - VAdzdt — / Vi - Vypdadt
Q Q (3.4)
+£—:/ Oyt Opv dxdt + 5/ V- Voudzdt
Q Q

+/ 8t)\8tudxdt+/ VA Vudxdt.
Q Q

The Lax-Milgram lemma relies on the coercivity of 4 on the space Vi x V. The fact that a(-,0) =0
and A(-,7) = 0 in  implies

T
/aat)\da:dt—k/ 8t12)\dxdt:/ / O¢(aN) dt | dz = 0.
Q Q Q 0

Coercivity is then straightforward from
A((@, A), (@, A)) = ellal* + [|A]]%. (3.5)

Now let us prove the convergence of the quasi-reversibility solution to the exact solution for exact
data. By the lemma 3.1, the exact solution u € V; satisfies (3.2). By subtracting the equation



(3.2) to the second equation of problem (3.3), we obtain that for all (v, ) € Vo x Vi,
— /Q v O Ae dxdt Jr&?/ Opug Opv dxdt

V'U VA dxdt + 6/ Vu. - Vodxdt =0,
/ O (ue — u) pdadt — / O e Oy daxdt

/V(u ) - Vi dadt — /V)\5~Vud:z:dt:0.
Q Q

(3.6)

We select the test functions v and p as v =u. —u € Vg and p = A\, € Vy in the above system
(3.6). By subtracting the two obtained equations, we end up with

5/ Opue O (s —u) dwdt—f—a/ Vue-V(ue —u) dmdt+/
Q Q

(BeAe)? d:cdt+/ IVA|? dadt = 0, (3.7)
Q Q

which can be simply rewritten as
2 A 2 _
elluc[” + [[A|]” = e((ue, u)).
It is then easy to derive that

luel| < lull, [l < Ve Tfull- (3.8)

From the first majoration (3.8) u. is bounded in H»!(Q). There exists a subsequence of u., still
denoted wu., that weakly converges to some w € H!(Q), which happens to belong to the set Vy
since such set is weakly closed.

Passing to the limit in the second equation of (3.3) and using the second majoration (3.8), we
obtain that for all u € Vjp,

/ Orw p dxdt + / Vw - Vyudrdt = / g1 pdsdt,
Q Q b

that is w solves problem (3.1) by using lemma 3.1 again. Uniqueness in problem (3.1) implies
that w = u, so that u. weakly converges to u in H*1(Q). The weak convergence and the first
majoration (3.8) imply strong convergence. A classical contradiction argument proves that the
whole sequence u. (not only the subsequence) converges to u in H%(Q). O

3.2. Some Hgyj,-formulations. Another family of mixed quasi-reversibility methods can be
proposed by rewriting problem (3.1) as

Ou—divp=0 in Qx(0,7T)
Vu—-p=0 in Qx(0,7)
u = go on I'x(0,7) (3.9)
p-v=q on I'x(0,7)
u=0 on Qx{0}

3.2.1. A basic formulation. Let us introduce the sets
={p € L*(0,T;Haiv,0), P vls = g1}, Wo={p€ L*0,T; Haiv,0), p v|s = 0},

where Hgiy o denotes the space of vector functions p € (L?(2))? such that divp € L?(Q). The
spaces Hgiv,o and L?(0,T; Hyiy.q) are naturally endowed with the norms [|-|div.0 and ||.||div
defined by

T
|\.||31V,Q=/Q(|.|2+<div.>2)dx, ||.||3w=/0 1 B0 .



8 The inverse obstacle problem for the heat equation

respectively. The scalar product which corresponds to norm ||.||giv is denoted by ((.,.))div- In
view of (3.9), another way to regularize problem (3.1) is for some real ¢ > 0: for (go,¢q1) €

H;f(E) x L2(0,T; H-Y*(T")), find (ue,p.) € V, x W, which minimizes the functional

Je(u,p) = / (0w — divp)® + |Vu — p|?) dzdt + 5/ ((0ww)? + |Vul* + |p|* + (div p)?) dzdt.
Q Q

The optimality for such minimization problem leads to the following mixed formulation for some
e > 0: for (go,q1) € Hééz(E) x L?(0,T; H-'/2(T)), find (ue,p.) € V, x W, such that for all
(v,q) € Vo x Wo

/ (Opue — divp,)Ow + (Vue — p,) - Vo) dzdt
Q
+€/ (Orue Opv + Vu, - Vo) dedt = 0,

Q

(3.10)
/ ((divp, — Osue)divq + (p. — Vue) - q) dedt
Q

+€/ (p. - q + (divp,)(div q)) dzdt = 0.
Q

3.2.2. A relaxed formulation. In practice, the lateral Cauchy data (go,g1) on I' x (0,7T)
are measurements and then are likely to be corrupted by noise. It is then tempting to modify
the formulation (3.10) as follows: on the one hand we assume that the data gg,g1 belong to
L?(0,T; L3(T)), on the other hand we take them into account in a weak way rather than in a strong
way. To this aim, the strong conditions u = go and p-v = g; on I x (0,T) have to be removed
from the sets V, and Wy, respectively. Moreover, since for a vector function p in L2(0, T; Haiv,0)
the trace p-v on I x (0,T) is only in L?(0,T; H-'/?(T)) and not in L?(0,T; L*(T)) in general,
we have to include such regularity assumption within the space of interest. We will denote as
Hgiv.or the space of vector functions p € Hgiyv,q such that p-v € L2(F). The spaces Hgiv,0,r and
L?*(0,T; Haiv 0,r), are naturally endowed with the norms ||.||aiv,o.r and ||.||giv,s defined by

T
B o = / (12 + (div )?) d + / Cv)2ds, [ = / [ER—s

respectively.

By denoting V = {v € H*Y(Q), v|s, = 0} and W = L2(0,T dw ar), we now consider the
relaxed mixed formulation for some € > 0: for (go,91) € L?(0,T; L*(T ) x L2(0,T; L(T")), find
(ve,q.) € V x W such that for all (v,q) € V x W

/ ((Opve — divq,)0w + (Vve — q.) - V) dxdt + / ve v dsdt
Q )
+6/ (Orve Opv + V. - Vo) dxdt = / go v dsdt,
Q = (3.11)
((div q, — Owve)divg + (q. — Vv.) - @) dedt + / (q.-v)(q-v)dsdt
by

+8/Q (q. - g+ (divg,)(div q)) dedt = /Zgl(q -v)dsdt.

THEOREM 3.3. For any (go,g1) € Hééz(E) x L2(0,T; H-Y/2(T")), the problem (3.10) possesses
a unique solution (ue,p,) in Wy x V,. For any (go,g1) € L*(0,T; L*(I")) x L*(0,T; L*(T")), the
problem (3.11) possesses a unique solution (ve,q.) in W x V. Furthermore, if there exists a
(unique) solution u to problem (38.1) associated with data (go,g1), then the solution (ue,p.) to
problem (8.10) and the solution (v, q.) to problem (3.11) associated with the same data (go,g1)
satisfy

. - . 1,1 . o . 2 . )
gl_r%us,vg—u in H(Q), ;%pg,qE—Vu in L*(0,T; Haiv.0)-



Proof. We prove the result in the case of formulation (3.11) for (go,¢1) € L*(0,T; L*(T)) x
L?(0,T; L?(T)). The proof in the other case is almost the same. Such formulation is equivalent to
find (ve,q.) € V x W such that for all (v,q) € V x W

B((ve, q.), (v,q)) = M(v,q), (3.12)

where the bilinear form B and the linear form M are defined by
B((u,p), (v,q)) = / (Opu — div p)(Opv — divq) + (Vu — p) - (Vo — q)) dadt
Q

+/uvdsdt+/(p~v)(q-1/)dsdt
) )

+€/ (Opu Opv + Vu - Vo) dedt + 5/ (p-q+ (divp)(divq)) dzdt
Q Q

and

M(U,Q):/govdsdt+/gl(q~1/)dsdt.
o o
We have

B((u,p), (u,p)) > min(e, 1) (|lul]® + [[pl3iv 5) - (3.13)

which proves the coercivity of B, so that well-posedness is a consequence of Lax-Milgram’s lemma.
Now let us prove the convergence result. By using (3.9) we obtain that the exact solution satisfies
(u,p:=Vu) €V x W and for all (v,q) €V x W,

Bo((u,p), (v,q)) = M(v,q), (3.14)

where By coincides with B for ¢ = 0. We hence obtain, by subtracting (3.14) to (3.12) and
choosing (v, q) = (v. — u,q. — p),

/ |10;(ve — u) — div(q. — p)|*dxdt Jr/ |V(v: —u) — (q. — p)|*dxdt
Q

(3.15)
/(v u)? dsdt+/((q —p)-v)dsdt + & ((ve,ve — u)) + £ (g2, q. — P))aiv = 0.
> >

This identity implies that

((ve,ve —u)) + (2,9 — P))aiv <0, (3.16)

so that v, is bounded in V' and g, is bounded in L? (0,T; Hgiv,)- Then there exists subsequences,
still denoted v, and g, such that v. = win V and g, — r in L? (0,T; Haiv.2)- As a consequence,
we have 0;v. — divg, — 0;w — divr in L%(Q), Vv, — q. — Vw — 7 in (L*(Q))4, v.|s — w|s in
L?(0,T; H/2(T)) and q_ - v|s, — 7 - v|s in L?(0,T; H-'/2(T)).
The identity (3.15) also implies that d,v. — div g, — dyu — divp in L?(Q), Vv, —q. — Vu—p in
(L2(Q)%, ve|s — u|s in L?(X) and g - v|s — p-v|x in L2(X). We conclude that - v|x € L2(X),
and that (w,r) € V x W satisfies problem (3.9). By uniqueness we have (w,r) = (u,p), so
that v. — w in V and g, — p in L?(0,T; Haiv.0). Strong convergence of (v, q.) to (u,p) in
V x L?(0,T; Haiv,) is again a consequence of weak convergence from (3.16), and we complete the
proof as in the proof of theorem 3.2. O

REMARK 1. On could regret that in the relazed formulation (3.11) the Neumann data has to
be in L?(0,T; L*(T")) instead of L*(0,T; H=/(T")). As done in [13] in the elliptic case, a possible
strategy to cope with the less regular case g; € L?(0,T; H=/2(T")) in (8.1) is to introduce a lifting
of the Neumann data, for example by solving the forward problem

QU —AU=0 in Qx(0,T)

U =q on 00 x (0,T) (3.17)
U=0 on  Qx{0},



10 The inverse obstacle problem for the heat equation

where g1 € L*(0,T; H-Y/2(99)) is an extension of g1 to 0Q x (0,T). From Theorem X.9 in [7], we
obtain that problem (3.17) is well-posed in L?(0,T; H*(Q)) N C°([0,T]; L2(RY)). Then the function
i =u—U, where u and U satisfy (3.1) and (3.17), respectively, satisfies

Ot —AuG=0 in Qx(0,T)
UG=go—U on T x(0,T)
o,u=0 on I'x(0,T)

= on  Qx{0},

with go — Ulrxo,1) € L?(0,T; H/2(I')) € L*(0,T; L*(T")). We are now in a position to apply the
relazed formulation (3.11).

3.2.3. An iterated formulation. Following the idea of [13] a refinement of the relaxed
formulation (3.11) consists in iterating it. For some ¢ > 0 and (go,g1) € L2(0,T;L*(T)) x
L2(0,T; L*(T)), we set (v-1,q-1) = (0,0) and for all M € N, we define (v, ¢g}M) € V x W such
that for all (v,q) € V x W

/ (00} — div @) 0w + (VoM — g2 - Vv) dzdt + / oMy dsdt
Q b))
+€/ (00} Opv + VoM - V) dadt
Q
= [avvdsit+ [ (0wt o+ 902 V) o,
by Q (3.18)
/ ((div g2 — 9,v2)div g + (g2 — Vo) - q) dxdt + / (@ -v)(q-v)dsdt
Q b)
+€/ (qéw -q + (div qéw)(div q)) dxdt
Q

:/gl(q~u)dsdt+5/ (g1 g+ (divg)~')(divq)) dzdt.
Y Q

From [13] (see the abstract theorem 4.2), we have the following theorem, which encourages us to
simultaneously choose ¢ small and M large.

THEOREM 3.4. For any (go,g1) € L?(0,T; L*(T"))x L?(0,T; L*(T")) and any e > 0 and M € N,
the problem (3.18) possesses a unique solution (vM,q*) in W x V. Furthermore, if there exists
a (unique) solution u to problem (5.1) associated with data (go, g1), then the solution (v, gM) to
problem (3.18) associated with data (go,g1) satisfies for all fired M € N
limv™ =u in H“Y(Q), ;i_r)%qéw =Vu in L*0,T; Haiv.0)

eo0 ©

and for all fired € > 0

. M _ : 1,1 . M _ . 2 ST
Ml_l)rﬂoovs =u in H"(Q), M1_1>m+00q6 Vu in L*(0,T; Haiv,0)-

REMARK 2. As emphasized in [13], an advantage of the iterated formulation is that the
convergence with respect to M is achieved for any e > 0. Hence it enables us to choose € not too
small in problem (3.18), which as a result will be not too ill-posed.

4. The “exterior approach”. Let us consider, for some data (go,g1) on I' x (0,7), an
obstacle O and an associated function u € H%!(Q) which satisfy problem (2.1). Our aim is,
following the idea first introduced in [5], to define with the help of u a decreasing sequence of open
domains O,, which converge in the sense of Hausdorff distance (for open domains) to the actual
obstacle O. The notion of Hausdorff distance for open domains is for example defined in [17]. In
practice, of course, the true solution u cannot be used to identify our obstacle O since it cannot
be computed from our data (go,g1). However, as it was seen in the previous section, the true
solution u can be approximated with the help of some quasi-reversibility formulation. This is the
basic idea of the “exterior approach”.
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Let us consider a function V € H'(D) such that

T
v o— / (u(-0)2dt in Q (4.1)
V < 0 in O.

Let us verify that such a function exists.

LEMMA 4.1. The function V which satisfies the first equality of (4.1) and V' =10 in O belongs
to H'(D).

Proof. First of all, since v = 0 on 9O x (0,7T), we obtain that V is continuous across the
boundary 9O of O. As a consequence, it suffices to prove that V|g € H(Q). It is readily seen
that Vl]g € L?(Q). Now, fori =1,...,d and = € Q,

(g;/; (x)>2 B W </0T “(x’t)%(:c,t) dt>2 = /oT (gaz(w,t))Q dt.

0

That v € L?(0,T; H*(2)) implies that dV/dx; € L?(Q) for all i, which completes the proof. O
Let us choose f € H~!(D) such that in the sense of H~1(D),

f—AV >o0. (4.2)

For some open domain w C D and g € H (D), let us define by v, ,, the solution v € H} (w) of the
Poisson problem Av = g. We now define a sequence of open domains O,, by following induction.
We first consider an open domain Oy such that O C Oy € D. The open domain O,, being given,
we define

On+1 = On \ supp(sup(qﬁn, O))v (43)

where ¢, =V + 4,0, and g := f — AV (supp denotes the support of a function). Equivalently,
if the open domain O,, is Lipschitz smooth, the function ¢, is defined as the unique solution in
H'(0,,) of the boundary value problem

Ap,=f in O,
{ b=V on 00,. (44)

Since the open domains O,, form a decreasing sequence, we know from [17] that such sequence
converges, in the sense of Hausdorff distance for open domains, to some open domain O,. Besides,
the definition of the open sets O,, implies that they all contain the obstacle O. Therefore it can
be seen from (4.4) that ¢, only depends on the fixed distribution f and on the values of u on the
boundary 00,,. Furthermore O C O,,. The convergence of the sequence of open domains O,, to
the actual obstacle O (in other words O = O) is given by the following theorem, provided we
assume convergence of the functions v4,0, with respect to the domain.

THEOREM 4.2. Let us consider a Lipschitz domain O and a function v € H1(Q) which
satisfy problem (2.1). Let us choose some V € HY(D) and f € H=1(D) which satisfy (4.1) and
(4.2), respectively, and let us denote g = f — AV. Now we choose an open domain Oqy such that
O C Og € D and consider the decreasing sequence of open domains O,, defined by (4.3). Let us
denote by O the limit of the sequence (O,,) in the sense of Hausdorff distance for open domains.
If we assume that the sequence of functions v, 0, converge in H} (D) to the function vy o, then
Oy = 0.

We omit the proof of theorem 4.2 since it is very close to that of theorem 2.5 in [5]. The
only difference in the proof concerns the unique continuation argument which is employed: it was
related to the Laplace equation in [5] while it is related to the heat equation in the present paper.

REMARK 3. In [17] (see also [5]), several situations in which the sequence of functions vy 0,
converge in H}(D) to the function Vg,0., are analyzed. For d = 2, it suffices that all the open
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domains D\ O,, n € N, be connected. For arbitrary d > 2, it suffices that all the open domain
O, n € N, be uniformly Lipschitz with respect to n.
The theorem 4.2 suggests the following “exterior approach” algorithm:

Algorithm

1. Choose an initial guess Oy such that O C Oy € D.

2. Step 1: for a given O,,, compute some quasi-reversibility solution u,, in €, x (0,7T), where
Q, =D\ O,.

3. Step 2: for a given u, in Q, x (0,T), compute V,,(z) = |[un(x,-)||r2(0,r) in 2, and the
solution ¢,, in O,, of the Poisson problem

{ on =V, on 90, (4.5)

for sufficiently large f. Compute O, 41 = {2 € O,, ¢,(x) < 0}.
4. Go back to step 1 until some stopping criteria is satisfied.

5. Some numerical applications.

5.1. A tensorized finite element method. Our numerical experiments will be based on
the iterated mixed formulation (3.18). However the discretization is presented for M = 0 for sake
of simplicity, which corresponds to formulation (3.11). In this section we restrict ourselves to a
polygonal domain €2 in R2. We consider a family of triangulations T}, of the domain © such that
the diameter of each triangle K € T}, is bounded by h > 0 and such that 7}, is regular in the sense
of [11]. We also introduce a subdivision Ij, of the domain [0, T] such that the size of each interval
L € Iy, is also bounded by h. We assume that I is formed by the union of edges of some triangles of
Ty. As can be seen in the algorithm of the “exterior approach” above, we have to compute several
integrals of the solutions of the quasi-reversibility method over ¢ € [0, T]. For practical reasons we
are hence tempted to use some tensorized finite elements to discretize the spaces V' and W. More
precisely, the discretized space V;, C V' in the domain Q x (0,7") is the set denoted Vj, 0 ® Vi r
formed by the linear combination of standard products of all basis functions of the discretized
space Vj, q in Q by all basis functions of the discretized space Vj, r in (0,7'), where: Vj,  consists
of the standard P' triangular finite element on € and Vi, consists of the P! finite element on
(0,7). Similarly, the discretized space Wj, C W in the domain Q x (0,7') is the set W, o @ Wj, 1,
where: W), o consists of the Raviart-Thomas finite element RTY on € and Vi, consists of the
standard P° finite element on (0,7). The finite elements P* and RT* for k € N are for example
described in [8], the finite element RT* being introduced in [21]. Since the maximal diameter h
of the two-dimensional triangular mesh of 2 coincides with that of the subdivision of (0,7") and
since both finite elements in space and time provide a linear error estimate with respect to h, we
expect that the resulting tensorized finite element will also provide a linear error estimate with
respect to h. For each triangle K € T}, or interval L € Ij, and k € N, P,(K) and P;(L) denote
the space of polynomial functions of degree lower or equal to k. The spaces Vi, o, Vi1, Wi o and
Wi, 1 are defined as follows:

Via = {fn € H(Q), fulx € Pi(K), VK € Tj,},
Vit = {¢n € H'(0,T), éulr € Pi(L), VL € Iy, ¢1(0) = 0},
Wha=1{Ffn € (L*()?, divf, € L*(Q), f), € (Po(K))* + 2Py (K), VK € Ty},

Wi = {én € L*(0,T), ¢n|z € Po(L), VL € I},

where z € R? is the spatial coordinate. We recall that the trace of some f, € Vg or ¢, € Vp 1 is
continuous across the intersection of two elements, while for some f, € W}, q, the trace of f, - v
is continuous across such intersection, where v is the corresponding normal vector.
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The discretized formulation of (3.11) for €, A > 0 is the following: for (go, g1) € L?(0,T; L*(T")) x
L2(0,T; L*(T)), find (ve,n,q. 1,) € Vi X Wy, such that for all (vn,qy) € Vi, x W,

(((‘3tv57h —divq, ;)0 + (Voen —aq. ) - Vvh) dxdt + / Ve, p, Up, dsdt
b
+E/ (Opve,n, Opop, + Ve p, - Vo) dedt = / go vy, dsdt,
Q = (5.1)
((div g, , — Oven)divay, + (qep — Voen) - @) dadt + / (g1, -v)(qy, - v)dsdt
Q b

+e/ (qep - qy + (divg, ;) (divg,)) dedt = / g1(qy, - v) dsdt.
Q b

The error estimate due to the discretization, that is the discrepancy between the solution to
problem (5.1) and the solution to problem (3.11), is given by the following theorem.

THEOREM 5.1. For alle,h > 0, the problem (5.1) has a unique solution (ve p,q. ) € Vi X Wh.
Furthermore, if ¢ < 1 and (ve, q.) belongs to H*(Q) x {H(0,T; (H'(2))?) N L2(0,T; (H?(2))?)},
then

h
[[ve.n —vell + llgen — qcllaw < C 7 (HNvell 2@y + @l 0,13 a2y A L2 0,13 (F2(2))2) )

where C' > 0 is independent of € and h.

In order to prove theorem 5.1, we first need to prove the following lemma which specifies the
interpolation error provided by the tensor product of two finite elements, from the knowledge of
the interpolation error for each one.

LEMMA 5.2. Let us consider two Hilbert spaces F C H and a family of discretization subspaces
Hp 1 C H depending on h such that for all f € F,

I1f = 7na flla < e bl f]]F, (5.2)

where w1 f is the orthogonal projection of f onto Hp1 in H. We also consider a family of
discretization subspaces Hp, o C L*(0,T) depending on h such that for all ¢ € H'(0,T; H),

> (5.3)

¢ — 7,2 OllL20,7:0) < CzhH ,
L2(0,T;H)

where 2 ¢ is the orthogonal projection of ¢ onto Hy o in L*(0,T).
Then for p € L*(0,T; F)N H*(0,T; H), we have

llp = mnpll 20,138y < ch||pl|L2(0,1:F)nE (0,7 H) >

where Ty, is the orthogonal projection of p onto the tensor product Hy 1 @ Hp o in L*(0,T; H).
Proof. Since 7y, 2(mp.1p) € Hp1 @ Hp 2, we have

— ) = inf — gy < — Y-
||p 7Thp||L2(0,T,H) pheHﬂ@Hh,QHp ph||L2(o,T,H)_HP 7Th,2(7Th,1p)HL2(0,T,H)

Hence

llp — 7 pHL?(o,T;H) <llp— Th,1 P||L2(0,T;H) +mhap — 7Th,2(77h,1 p)”Lz(O}T;H)

As for the first term, we have

T T
lp = 7n1 Pl172 0,700 :/O lp — 7napllF dt < h2/0 lp(., 0)]|F dt
by using (5.2) for f = p(.,t). We end up with

P — 7h,1 PllL2(0,7:0) < 1 hllpllLz(0,1:F)-
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As for the second term, we have

O(mh,1p)
ot

7

L2(0,T;H)

l[mh1p — mh2(mha )l L20,mm) < c2h H

with the help of (5.3) for ¢ = mj, 1 p. By using the fact that O(my 1 p)/0t = 7),,1(9p/0t) and the
boundedness of the operator 7, ; from H to itself with a bound < 1, we obtain

p
[|7h,1 D = Tho(Th1 )| 20,0 < c2h H - < 2 h|[pl| g 0,11,

L2(0,T;H)

ot

which completes the proof. O

Proof. [Theorem 5.1] Well-posedness of problem (5.1) is based on the same arguments as
in the proof of theorem 3.3. By denoting X. = (ve,q.) € V x W and X, = (v-n,9.5) €
Vi, x W, and since the bilinear form B is symmetric, the solution X, ; minimizes the functional
B(X. =Y, X: —Y}) over all Yy, € Vj, x W,. With the help of (3.13) and the fact that ¢ < 1, we
obtain a constant ¢ > 0 such that

HXE - Xa,h

v £ 2 nf 1Y = Yallvar
We have now to estimate the interpolation errors v, — mpv. € V and q, — mrq. € W, where mj, is
the generic projection operator of an element which belongs to an infinite dimensional space onto
the corresponding finite element space. The first error is simple to obtain since the finite element
defined as the tensor product of the P! element in 2D by the P! element in 1D coincides with
the prismatic finite element in 3D (see for example [11]). The error estimate for such 3D finite
element is well-known and we have for v. € H*(Q),

l[ve — mhvel] < Oh||”€||H2(Q)~

for some constant C' > 0. Let us consider the second error. For f € (H*(£2))? such that divf €
H'(Q), we have the inequality (see for example [8, 21])

1f = 7Sl e < CoRUIF Il @)z + iV E ] @), (5.4)

where 7, f is the interpolate of f on W}, o. Given the definition of space W we also need to
estimate the trace of (f — m,f) - v on I'. If in addition we assume that f € (H?(£2))?, then the
trace of f - v on each segment I'x of T' belongs to H!(T'x), and the interpolation error on each
such segment amounts, since (7, f) - v is the mean value of f - v on each segment (see [8, 21]), to
an interpolation of a H' function on a segment by a constant. We hence have, by denoting 7 the
curvilinear abscissa,

I =) ol = 3 [ 15 =) v ar

F}(Cf K

of |
vl dr< B2\ £ e oyy2-

af v
< c2h2/ ’(]; DN gy = 22 > /
kCD x ’ I'xCl e
By using the continuity of the trace from H?(f2) to H!(T), we obtain

1(f = 7nf) - vlle2ry < CQAIFIla2)2- (5.5)

Gathering the estimates (5.4) and (5.5) we obtain that

Hf - ﬂ—thHdiv,SZ,F < Cq h||f”(H2(Q))2
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We also have, for H = Hgiy o and ¢ € HY(0,T; H),

0
¢ = mndllL20,0:m) < Ch Ha(f

b
L2(0,T;H)

where 7, ¢ is the interpolate of ¢ on W}, . By applying lemma 5.2 with H = Hgiv.or, F =
(H?())?, Hp1 = Wiy and Hy, o = W), 1, we obtain that there exists a constant C' such that

llg: — mng.llaivs < Chlla (0,7 Ha 0N L2 0,75 (H2(2))2)
The continuous embeddings (H'(2))? C Haiy o.r C Haiv.o enable us to complete the proof. O

5.2. A few numerical experiments. We now present some numerical illustrations of the
“exterior approach” algorithm in a domain D delimited by the curve defined in polar coordinates
by

r(0) =1+0.1sin(30), 60 < [0,2n]. (5.6)

Two different obstacles O are considered (an easy case and a more difficult one): the obstacle O*
defined by

r(0) = 0.5+ 0.1 cos(f) — 0.02 sin(26), 6 € [0, 2]

and the obstacle O? defined as the union of the disk centered at (—0.3, —0.3) of radius 0.2 and the
disk centered at (0.4, 0.3) of radius 0.15. The synthetic data of our inverse problem are obtained by
solving the following forward problem: for a Dirichlet data gp on 9D x (0,7T), find u in Q x (0,7)
such that

Ou—Au=0 in Qx(0,7T)
u=gp on 9D x (0,T)
u=0 on 00 x (0,T)
u=0 on  Qx{0}.

(5.7)

Such problem is solved numerically by using a standard 2D finite element method in space and
a finite difference scheme in time. It should be noted that in order to avoid an inverse crime,
the mesh used to solve the inverse problem is different from the mesh used to solve the forward
problem (5.7) that provides the artificial data. Two kinds of Dirichlet data are used: an easy case
gh(r,0,t) = 4t(1 — t) and a more difficult case

g% (r,0,t) = 4t(1 — t) cos(f — 4m t).

The data of our inverse problems are given by (go,g1) on I', where go is the restriction of gp
on I' and ¢; is the normal derivative d,u on T', where u is the solution to problem (5.7). Some
pointwise Gaussian noise is added to the Dirichlet data g such that the contaminated data g
satisfies ||g — gollz2r) = 6. Concerning I, for the obstacle O' two situations are analyzed: the
case of complete data, that is I' = 0D, and the case of partial data, that is I' is the subpart of
0D defined by (5.6) for 6 € (0,7/2) U (7,37/2). Let us now give some details about the “exterior
approach” algorithm. The initial guess Oy is the circle centered at (0,0) and of radius 0.8. Both
the quasi-reversibility problem (3.18) in step 1 and the Poisson problem (4.5) in step 2 are solved
on the same fixed mesh based on a polygonal domain that approximates D, where D is given by
(5.6). At each step n, the updated domain O,, is approximated by a polygonal line defined on such
mesh. In addition, while a simple P1 triangular finite element is used to solve the 2D problem
(4.5), the tensorized finite elements described in section 5.1 are used to solve the 3D problem
(3.18). The right-hand side f in problem (4.5) is chosen as a sufficiently large constant which can
slightly differ from one case to another and will be specified in each case. If not specified, the
parameters in problem (3.18) are chosen as ¢ = 0.01 and M = 20. Here we are concerned with
the ill-posed problem of the heat equation with lateral Cauchy data and initial condition (3.1).
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The quality of the solution to problem (3.18) seems unsatisfactory near ¢ = T'. For that reason, in
step 2 of the algorithm we compute V;, as |[uy, (2, -)||z2(0,7/2) instead of ||un(z,-)||z2(0,7) in order
to improve the accuracy of the velocity of the level fronts. If not specified, the final time T is
equal to 1. In the following numerical experiments, convergence of the sequence of obstacles O,, is
achieved for at least n = 10 and at most n = 20 iterations. The size of the mesh is such that the
number of segments of the polygonal line that approximates the exterior boundary 9D is around
100, while the number of time intervals is around 70 for T" = 1.

In figure 5.1, starting from the initial guess Oy we have plotted the successive level fronts as well
as the reconstructed obstacle O' compared to the exact one, in the case of complete Cauchy data
based on the Dirichlet data g}, (we have chosen f = —20). For T = 1, we test 3 different amplitudes
of noise (6 = 0, 6 = 0.05 and 6 = 0.1) and for 7' = 0.5 instead of 7" = 1, we only consider the
worst case § = 0.1. We observe that the obstacle is well reconstructed, even in the presence of
noisy data, which is a consequence of our relaxed formulation of quasi-reversibility which takes
our noisy Cauchy data in a weak way. Figure 5.2 represents the same results as in figure 5.1 but in

~1.5 L L L L 1.5 L L L L
-1.5 -1 -0.5 0 0.5 1 1.5 -1.5 -1 -0.5 0 0.5 1 1.5

FIG. 5.1. Reconstructed obstacle O' with complete Cauchy data obtained from Dirichlet data gb. Top left:
exact data with T = 1. Top right: noisy data of amplitude 6 = 0.05 and T' = 1. Bottom left: noisy data of
amplitude 6 = 0.1 and T = 1. Bottom right: noisy data of amplitude 6 = 0.1 and T = 0.5.

the case of complete Cauchy data based on the Dirichlet data g% (we have chosen f = —15). The
same conclusions as before can be drawn in this second case. Besides, as we observed in [2] for
the 1D case, increasing the duration of measurements improves the quality of the identification.
In figure 5.3 we reconstruct the obstacle O! with uncontaminated partial Cauchy data (instead of
complete data) based on the Dirichlet data g}, (f = —23) or g% (f = —17). The obtained results
have to be compared to the top left figures of 5.1 and 5.2, respectively. It can be seen that the
quality of the reconstructions strongly decreases, particularly for the most difficult case of data:
we recall that no boundary data at all is prescribed on half of the boundary of D. Lastly, in
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-1.5
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F1G. 5.2. Reconstructed obstacle O with complete Cauchy data obtained from Dirichlet data 92D' Top left:
ezact data with T = 1. Top right: noisy data of amplitude § = 0.05 and T = 1. Bottom left: noisy data of
amplitude 6 = 0.1 and T = 1. Bottom right: noisy data of amplitude § = 0.1 and T = 0.5.
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F1G. 5.3. Reconstructed obstacle O with partial Cauchy data obtained from Dirichlet data ng (left) and 92D
(right).

picture 5.4 we present the result of the identification of obstacle O? with complete Cauchy data
based on the Dirichlet data g}, either without noise or with noise of amplitude § = 0.1 (f = —0.14
and € = 0.1), and with the complete data based on the Dirichlet data g2 with noise of amplitude
d = 0.1 (with the same parameters f and ).
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F1G. 5.4. Reconstructed obstacle O2 with complete Cauchy data. Top: data are obtained from Dirichlet data
gk without noise (left) and with noisy data of amplitude § = 0.1 (right). Bottom: data are obtained from Dirichlet
data 92D with noisy data of amplitude § = 0.1.

6. Conclusion and perspectives. We have shown in this paper that our “exterior ap-
proach” is applicable to the inverse obstacle problem for the heat equation with lateral Cauchy
data and initial condition. A specificity of our method is that those lateral Cauchy data may be
known only on a subpart of the boundary while no data at all are known on the complementary
part (as in figure 5.3). In addition, our “relaxed” formulation of quasi-reversibility, which consists
in taking into account our noisy boundary conditions in a weak way, seems quite robust with
respect to the amplitude of the noise. However, if we compare our results for the heat equation
and those obtained in [5] for the Laplace equation, it seems that the quality of the identification is
slightly worse in the first case than in the second one (see figure 5.4). Maybe the ill-posedness of
the inverse obstacle problem is intrinsically more severe for the heat equation than for the Laplace
equation. Our aim is now to try the “exterior approach” to solve the inverse obstacle problem for
the wave equation in 2D, expecting better numerical results than for the heat equation.
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